Explicit masses and the chiral limit in odd reductions of almost-commutative

geometries
(Dated: Draft, 3 November 2026)

A finite KO-6 triple with a grading-reversing involution factors as an odd triple times a point. We
show that on the physical subspace the fermion action of the product with spacetime is exactly the
action of the odd triple on an unconstrained spinor, with the Yukawa block becoming the constant
matrix d in Dy + vsd. A paired sector gives one Dirac action of explicit mass for either sign of
the involution, up to a change of Grassmann variables, and on a subalgebra commuting with Dp
and the involution no scalar fluctuation remains on the kept mass blocks. At zero quark mass the
symmetry of the colour-only quark sector is U(Ny) x U(Ny). The admissible involutions are the
¥ € U(Ny) with ¥*M Hermitian, which are the stationary points of the mass term, and at M =0
they form a homogeneous space of the chiral group. All of this is kinematic. A spacetime-dependent
reduction of the fixed operator leaves the spectral action unchanged, so that a pion kinetic term
needs another operator or a quantum effective action, and the condensate needs a measure on gauge

fields, infinite volume and an order of limits.

I. SETTING

The noncommutative Standard Model has a finite fac-
tor of KO-dimension 6 [1-3]. Reference [4] treats prod-
ucts of real triples. A companion paper ! studies when a
KO-6 triple factors as an odd triple times a Clifford point,
with formal KO-labels 4 +5 =9 and 4 + 7 = 11. Here
we ask how the Yukawa coupling reads in the odd triple,
and what the data say about the chiral limit. The labels
are formal: the metric dimension of the product is 4, and
the label 9 exists only for sectors with an involution of
sign s = —1. Charged paired sectors have one. The strict
light spectrum with one or three unpaired neutrinos has
none, since its Hy has odd dimension.

Let M be a compact Riemannian spin 4-manifold with
(Dum, Iy s), Jar = =1, JuDy = Dydu, Juys =
’)/5JM, ")/5DM = —DM’}/5 Let F = (14177 HF, DF7 JF,’YF)
be finite with KO-6 signs. On L?(S) ® Hp put D =
Dy R14+v%®Dp, J=Jy@Jp, I' =5 @ yp. The
fermion action is §(J¢, DE) on Grassmann £ in {I' = +1}.

Let U be a unitary involution with Uyrp = —yrU,
[U,a] = [U,a°] = [U,Dr] = 0 and UJp = sJpU. On
Hy ={yr = +1} put d = UDp and j = UJp, so that

j2 = s and jd = sdj.

II. THE REDUCED ACTION

Theorem 1. Define R(¢®@z) = ¢ @z + ¢ @ Uz on
L?(S) ® Hy. Then R is unitary onto {I' = +1}, and

(JRY,DRY') = (T, DY), D=Dy@l+y®d, (1)

with J = Jy ® j for s = +1 and J = v5Jp @ j for
s = —1. So the action is 5(J ¢, D) on an unconstrained
spinor ¥. Moreover D* = D%, + d?, and Trf(D?/A?) =
2Trf(D?/A?) when f(D?/A?) is trace class.

! Finite spectral triples as towerless intervals (draft).

Proof. Let U = 1®U and rz = (z + Uz)/v2. Then
Dpr=rd, 1+ U)R/vV2=1®r, so UDR = RD. Using
Jrr = Ujz and UJpU = sJp, one finds UUR = RJ.
Finally (J¢, D¢ = (UJE, UDE). O

So the doubling is removed by the chirality projection,
and the physical space is exactly the Hilbert space of the
odd product.

Corollary 1. For a paired sector Hy = span(ey,éer)
with m > 0, (dy,jy) = (mI,01K) and (d—,j-) =
(diag(m, —m),i02K), the action is

Sy = (Jue, (Dar + ysm)ihy) (2)

and S_(1,42) = Si(¥1,7592). With Rs = e™3/4,
R5(Dps+vsm)Rs = Dys+im. This is one Dirac fermion
of explicit mass m for either sign, up to the displayed
change of Grassmann variables.

An unpaired reduction has a Majorana-type action: for
yr =03, Jp = 01K, Dp = mo; and U = o1, Hj is one-
dimensional and the action is % (Jath, (D + y5m)ib).
The neutral sector of the strict light spectrum has this
form with m = 0. The rotation Ry is formal, and carries

a Jacobian in a quantized theory.

Proposition 1. Let B C Ap be a unital subalgebra with
[Dp,B] =0, and let U commute with B and B°. Inner
fluctuations by C*°(M) ® B contain only Clifford one-
forms, and D 4 reduces to Dy (A)+v5®d with d constant.

In the Standard Model representation with B =
{(A\, Qr,m)} =2 Ce M3(C), up,ug carry the left charac-
ter A\, dr,dp carry )\, each pair with one opposite colour
action, and ey, er pair as well, so the kept mass blocks
commute with B. This holds in the strict projection and
when only a vectorlike top pair is removed. The reading
“photon and gluons” needs unimodularity or an inherited
restriction, since U(B) contains U(1) x U(3). A canoni-
cally normalized radial field couples to a fermion of fixed
mass with strength my/v.



III. THE CHIRAL LIMIT

Consider Ny flavours, qr,qr € CV7 ® C3, with D =
(JV([)* 10\/1) ® 13 on (qr,qr) and the conjugate on antipar-
ticles.

Proposition 2. The unitaries on this sector commut-
ing with both colour actions, yp, Jr and Dp are the
pairs (Vp,Vr) € U(N¢)? with ViM = MVg. So
G(0) = U(Ny)xU(Ny), G(mI) = U(Ny)y, and G(M) =
U(l)]‘\,[f for positive distinct masses.  With the elec-
tric charge, G(0) = U(1)* for two differently charged
flavours.

Theorem 2. With the colour algebra only, the admis-
sible involutions of sign s are [ %] on (qr,qr), and s
times the conjugate on antiparticles, with ¥ € U(Ny)
and X*M Hermitian. This holds iff ¥ is a stationary
point of —Retr(MX*). The reduced mass on (qr,qr)
is XM* @ sX*M, tensored with 13. At M = 0 the
set is all of U(Ny), a homogeneous space of G(0) un-
der ¥ — Vi, XVE, with stabilizer U(Ny)y at ¥ = 1. At
M = ml it is {¥ = X*, %2 = 1}; for positive distinct
masses it is the 27 sign matrices in a mass eigenbasis;
for invertible M, the polar part is the unique global mini-
mum. With the electric charge, the set is the intersection
with the commutant of the charge, with X*M still Her-
mitian: for u,d this leaves diagonal phases at M = 0,
and signs for positive nonzero diagonal masses.

Proof. Commuting with both colour actions and revers-
ing the grading gives the form, and UJp = sJrU fixes
the rest. Commuting with Dp is XM* = MY* and
Y*M = M*Y, which are equivalent. Along Ye®X the
derivative of Retr(MX*) is Imtr(¥*MX). The mini-
mum is von Neumann’s trace inequality. O

The homogeneous space at M = 0 has the same sta-
bilizer as in the symmetry breaking of QCD. The mass
condition says that ¥* M is Hermitian, and it captures all
stationary points, including saddles and maxima. Vac-
uum alignment [5] asks which of them minimizes a phys-
ical energy (Theorems 1 and 2 there give at least a lo-
cal minimum, and a global one is left as a conjecture),
and these data contain no such energy. So the theo-
rem gives the shape of the set of reductions, and a map
to a quantum order parameter is missing. The anoma-
lous singlet direction also separates the classical U(Ny)
from the pion manifold. Choosing another reduction of
a fixed even triple changes a sign in the reduced block,
and differs from a physical mass-sign change, for which
the determinants at +m differ by (—1)"°.

Proposition 3. Let U(x) be pointwise admissible, c* =
[Da, 2] and B, = (U9,U)|m,. Then RT'UDR =
Dy + c*P_B,, + vsd(z), which is generally not self-
adjoint. If X(x) only changes coordinates for D, the spec-
tral action does not depend on it. A kinetic term needs
another operator, chosen separately: for Dpr + vysds(x)

on flat M with M = mI, ¥ = ¥*, ¥2 = 1, the heat
expansion contains, tracing both reduced blocks,

Nf(0)m? .

i / 60(8, 57 0"5)), 3)
which vanishes at M = 0. This does not construct the
massless pion effective action.

This points to a nonzero m with a new operator, for
instance the Higgs-type inner fluctuation ® = m¥(zx) of
an even triple whose algebra contains flavour algebras on
L and R, with accompanying flavour gauge fields, or to
a quantum effective action.

IV. THE CONDENSATE

Proposition 4. Let Dy (A) have eigenvalues A, with
ng zero modes, on volume V, and let cy(m;A) =
VIS m/(A2 +m?), for m > 0, regularized compat-
ibly with the pairing £\ by a subtraction whose finite re-
mainder is O(m), for ezample odd and analytic in m. At
fized A on compact M, cy = ng/(Vm)+O(m) as m — 0.
If pr(N) = limy (V=LY 8(A — An))m @S equicontinuous
at 0 with pm(0) — po(0), with tails and subtraction con-
trolled uniformly in m and the infinite-volume limit taken
inside the integral, then lim,, o limy (cy) = mpo(0), the
form of the Banks-Casher relation as stated in [6], Sec-
tion 2; the original gives the integral and the condition
p — const at fized A, without the factor m or an order of
limits with the volume ([7], egs. (49), (50)); the hypothe-
ses here are ours, and the sign and flavour normalization
of a condensate depend on convention.

So the spectral triple supplies the operator Dy + vy5m,
the density of each fixed operator, and the continuity of
that operator and its square in m at fixed background;
the regularized function itself has the zero-mode pole
above. The averaged density, the regulated determinant
or Pfaffian measure, the sequence of volumes and the or-
der of limits need further input. A proof of existence of
QCD with fermions would supply a measure, and would
not by itself give po(0) > 0. With the anti-self-adjoint
D = —iDyy, det(D+m) = m™ [T, o(A* +m?) > 0 with
a compatible regulator, which is part of the method of

8].

V. THE ANOMALY ON THE REDUCED
ACTION

On the commuting subalgebra, let d = diag(my) and
let T be a Hermitian flavour matrix with eigenvalues 7¢,
commuting with d and with the connection. Then D? =
D3, + d°.

Proposition 5. Let f(D?/A?) be trace class, with 5 =
+1 on ST and indy the index on the block of flavour f.



At every A,

TrysTf(D?/A%) =Y 7pf(m7/A)inds,  (4)
f

and for my > 0 the mass insertion with the same reg-
ulator equals it. If trT" = 0, f is continuous at 0 and
f(0) = 1, then as A — oo twice this trace tends to
2N t1(TQ?)(e?/87%) [ F A F, with no gluonic or grav-
itational term. For T = T3 on (u,d) the coefficient is
2N tr(T3Q?) = 1.

The nonzero modes pair between chiralities, so only the
zero modes survive, with their signed count, where the
scalar density above has the unsigned count. The identity
is a Ward identity under the common regularization; the
weights at finite A depend on the regulator.

Proposition 6. Let Ny = 2, M = 0, with colour back-
ground zero on the round S*, and let ¥ : S* — SU(2)
generate m4(SU(2)) = Zo. In independent quark and an-
tiquark variables, the operator of the previous section has
the pure-gauge connection B on one chirality. The Weyl
Pfaffian of N. doublets, transported along Ay = tB, has
the relative sign (—1)Ne [9]. The spectral action does not
depend on X.

This is a relative sign for that transport and endpoint
identification; the pullback of the measure through Ry
keeps the value of the integral. It is the sign of the two-
flavour discrete term (—1)™e[?] [10], and matching a pion
field needs a sigma model and its anomaly-matching as-
sumptions. By footnote 2 of [9], the sign is the parity of

the zero modes of a five-dimensional Dirac operator on
the nontrivial SU(2) bundle on S°.

VI. THE CHIRAL LIMIT ON AN INTERVAL

In the scalar-algebra realization on a chiral inter-
val, D = Dy + v5(Dg + mI'g). The limit m — 0
has two routes. With a bulk mass —u, pl > 1 and
tanh(kol) = kKo/p, the mass m = psech(kol) is posi-
tive at finite parameters, with m ~ 2ue™* for ul — oo,
and at fixed p it tends to 0 as I — oco: an exponentially
small residue, with the localization and overlap mecha-
nism of domain-wall fermions [11, 12]. With a bound-
ary Yukawa matrix, X = 0 gives exact zero modes, and
for flavour-degenerate bulk masses X preserves exactly
{(Vg, Vi) : VoX = XV}, so that X is a spurion on the
wall and the symmetry is exact at finite [ when X = 0.
This boundary-coupled operator is a different construc-
tion from the tensor-product truncation above, and iden-
tifying them at finite [ would need a proof.

PROVENANCE

This note has no listed authors. The results were
proved by Claude Opus 5.5, with the proposition on
spacetime-dependent ¥ by Terra 6.1, and refereed by
Terra 6.1, whose reports led to corrections of five items
and several amendments. Python on finite models
checked the reduced action for both signs, the involu-
tion conditions, the formula for the reduced mass, sta-
tionarity at sample points and the rotation Rs. The
full proofs are in the project files lemmas/17_explicit_
masses_chiral limit.md and lemmas/27_anomaly_
reduced_action.md.
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