
A dictionary between finite spectral
triples and Kaluza-Klein data

(Dated: Draft, 4 November 2026)

We collect, with the status of each, the statements that
translate Connes’ finite spectral triple into Kaluza-Klein data.
The grading of the two-point space is the reflection of an an-
tiperiodic circle. The finite Dirac operator is a wall angle and
a flat connection. The finite Higgs one-form is the compres-
sion of the gauge field along the internal direction, and the
Higgs modulus is the angle between the wall gradings. The
real structure decides whether a massless block has orthog-
onal or symplectic symmetry, which fixes the antisymmetric
or symmetric diquark block. Noncommutative algebras arise
as windows of commutative parents. The translation has lim-
its, which we state: the finite data and the chirality remain
inputs on the interval; the window algebras concern compres-
sion maps; no action in the flat family selects a path on which
a dimension opens, and with the top alone it has no vacuum
in the window. A reading through the heterotic and type
I′ web fails in three specific ways: the angle-position map is
nonlinear, the length of the interval is T-dual to the type I′

length, and the relevant configuration has a Romans mass,
with no eleven-dimensional regime.

I. INTRODUCTION

Connes’ finite spectral triple packages the masses, the
Higgs field and the gauge group of the Standard Model
into finite-dimensional data. A Kaluza-Klein theory
packages them into the geometry of internal dimensions.
The proposal of [1] is that the first is a towerless window
of the second, with 9 and 11 as limits of an even interior.
This note asks what the word “is” can mean here, entry
by entry. We separate what is proved from what is
a reading, and we say where the translation stops. It
brings together the two companion notes [2, 3] and a line
of work on eleven-dimensional completions. It contains
few new statements of its own; those are marked.

Table I is the summary. The status column uses the
record in the repository ledger: “refereed” means an in-
dependent reading by GPT-6.1 Terra, GPT-6 Astra or
Claude Opus 5.5, “one reading” an independent read-
ing by Claude Sonnet 5.5, and “unrefereed” a statement
checked only by its author.
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TABLE I. The dictionary. Parts refer to the Supplemental
Material; lemmas 31 to 40 are the eleven-dimensional line,
lemmas 41 to 43 the additions of 4 November 2026.

Finite side Kaluza-Klein side Status
Two points,
grading γ

Antiperiodic circle of radius
l/π; γ is its reflection, the
walls its fixed points

Proposition,
lemma 31,
lemma 05

DF with KO-6
signs

Wall data X = tan(lDF ),
with exact window; a con-
stant connection, odd for the
grading

Theorem,
refereed,
lemma 22

JF , γF Exact on the parent Theorem,
refereed,
lemma 22

Masses Internal momenta: (nπ ±
θk)/l, θk = lσk

Theorem,
refereed,
lemma 22

Higgs one-form
[DF , a]

Compression of the connec-
tion along the interval; the
modulus is the angle between
two wall gradings

Theorems,
refereed,
lemmas
22, 23;
the inter-
pretation
refereed,
lemma 38

Gauge fields,
centralizer CF

Aµ with wall conditions; a
generator has a massless vec-
tor or a massless scalar,
never both

Proposition
22.8, ref-
ereed;
Theorem
11.3, refer-
eed, with
the gauge
action as a
hypothesis

Sign s of an odd
factorization

j2 = s: O(n) or USp(n) on
a massless block; SO(30) of
the five light quarks for s =
+1

Propositions,
lemma 35
unref-
ereed,
lemma 38
refereed

Coefficients
(3, 24/5) of the
action

(2, 16/5) of the interval,
joined at leading order by
(3 − deff)/2

Theorem,
refereed,
lemma 25

M2(H) ⊕ M4(C) Limit of compressions of real
functions on a disc bundle
over S4

Theorems,
refereed,
lemmas
28, 29

Mp(C), KO-6 Lowest Landau level of a
doubled torus with flux
p, with the unital datum
Mp(C) ⊕ C

Proposition,
refereed
with
amend-
ment,
lemma 40

MW , MZ → 0 A family with m ≪ Eε ≪
∆ → 0 and a divergent count
at fixed energy: vector poles
in a five-dimensional toy, and
a fermion window only on
the disc bundle

Theorems,
refereed,
lemma 30

Orientability,
Poincaré duality

Along the chain Pati-Salam,
Standard Model, colour plus
electromagnetism the trace
form has ranks 2, 2, 0 (the
form is the graded dimension
of the isotypic ranges; zero
where the bimodule is bal-
anced, which the unpaired
νL does not prevent) and
orientability holds only at
the first step: the parent
keeps what the interval de-
rives, signs and order condi-
tions, and none of the topo-
logical axioms

Theorem
and
Propo-
sitions,
refereed,
lemma 41

Higgs doublet The tangent of the base
S4 at the point marked by
the connector, (2)±1, with a
charged singlet (1)±2 along
the twistor fibre; the equiv-
ariant window operator itself
is scalar

Propositions,
refereed,
lemma 42

Connection on
the window

Berry connection of the coef-
ficient connection; every con-
nection is attained iff the ker-
nel products are independent
on the fibre, true on CP 3

and false for functions from
S4; the collar connection of
lemma 29 moves the kernel
and is outside the theorem

Theorem,
refereed,
lemma 43

Yukawa block of
a doublet

On the quaternionic sheet
the blocks odd for the grad-
ing axis form the com-
plex bidoublet; the quater-
nionic half is TpS4, from
the base coordinates, and
gives equal masses; the anti-
quaternionic half, the type
of the fibre-odd functions on
CP 3, splits them, m2

± =
|q|2 + |q′|2 ± 2|Im(q̄q′)|, and
a split block fixes a maximal
torus of SU(2)R

Propositions,
refereed,
lemma 46

Gauge normal-
ization at 9

On the Berger S5,
e2/g2

s = (3 + η2)/(24η2c2) in
the Einstein-term reduction;
with the spinor charge unit
c = 2/3 the round point
gives 3/8, the finite triple’s
matching value, indepen-
dent of the source there by
Schur’s lemma

Proposition,
refereed,
lemma 47

Real form of AF

from a quotient
The spin lift of the Weyl
group is S3 × Z4; the spino-
rial part of R[Dic3] at the or-
bit type (a, a, a) is C + H,
and the two-sheet bimodule
over the two orbit types car-
ries C+H+M3(C), the target
forcing the orbit types

Theorem,
refereed,
lemma 48

The sheet as a
spinor fibre

The spinor fibre of the four-
torus with its Clifford action
is the quaternionic sheet, the
chirality the grading axis and
TpS4 the tangent space of
the torus; the lifted Weyl sta-
bilizer spans C + H with the
lifted transposition as the
T3R circle; the blocks com-
muting with it are the diag-
onal Yu, Yd; the whole fibre
carries the quark summand
of one generation

Propositions,
refereed,
lemma 49

The top block
and the Majo-
rana line

The rank-one Yukawa block
is c(h)Pw, the Clifford ac-
tion of a Higgs vector of
(TpS4, Jw) times the projec-
tor on the Majorana line,
so one point of the twistor
fibre carries the Majorana
block and the top’s right-
handed states; the grad-
ing and the projectors on
the marked lines are com-
pressions of height functions;
the lepton-quark split of the
Yukawas keeps order one ex-
actly when the lepton pro-
jector commutes with the
second-sheet algebra, whose
commutant is the connec-
tor’s C + M3(C) (Krajew-
ski’s rule); the centralizer of
the top-only operator is C +
M3(C), the algebra of the la-
bel 9

Propositions,
refereed,
lemma 50

Wilson line and
torsion on the
four-torus

The lowest window of the
torus Dirac operator with a
Wilson line A and a constant
three-form is the Yukawa
block c(A) + ic(η)Γ, the Wil-
son line the custodial half
and the torsion the split-
ting; the photon condition
[DF ,CF ] = 0 is the invari-
ance under the transposition;
masses |A| ± |η| when per-
pendicular, a massless mem-
ber when η = ±JA; yu =
A + Jwη, yd = A − Jwη

Propositions,
refereed,
lemma 51

The lepton gen-
eration

The lepton line of the two
sheets with the connector
identifying the two copies of
C under the eigenline con-
dition, pairing [[0, 2], [−2, 0]]
over C + H; a Majorana
spinor of R1,8 as (2, 1) ⊗
4, one lepton generation on
its self-conjugate sector with
masses |η|; three generations
and the flavour adjoint of the
five light quarks as U(1)em-
modules

Propositions,
refereed,
lemma 52



3II. THE GRADING IS A REFLECTION

Let Dl(L, R) = (R′, −L′) on L2([0, l],C2), with R(0) =
0 and L(l) = 0, grading Γ = diag(1, −1) and scalar func-
tions on [0, l]: the chiral interval whose minimal trunca-
tion is the Connes-Lott two-point space [4]. Then

(W (L, R))(x) = 1√
2

(
L(|x|) + i sgn(x)R(|x|)

)
(1)

is a unitary onto the antiperiodic functions on a circle of
length 2l, with WDlW

∗ = −i d/dx, WΓW ∗ the reflection
x → −x, and the algebra going to the reflection-even
functions (Supplemental Material, part 31). So the two
sheets of the finite geometry are the two fixed points of
a reflection, and the grading of the finite geometry is
that reflection. The Connes-Lott mass is m = π/(2l) =
1/(2R), the lowest momentum of an antiperiodic spinor.
The two-point distance 1/m is a statement about this
circle.

III. THE FINITE DIRAC OPERATOR IS A
BOUNDARY CONDITION AND A HOLONOMY

Every DF with the signs of KO-dimension six is exactly
the lowest window of the pure derivative on the interval,
for l∥DF ∥ < π/2, with the wall data X = tan(lDF ), and
with JF and γF exact. There is no bulk mass, and the
masses are momenta. After a unitary change of domain,
DF is a constant connection, odd for the grading [2].
On the periodic circle of Supplemental Material, part 25
it is a Wilson line, and the angle θ = lσ of a channel
lives on the fundamental domain [0, π/2], whose ends are
the periodic and the antiperiodic spectra (Supplemental
Material, part 40).

The holonomy form has a consequence for dynamics.
A flat connection cannot be seen by a local operator in
the bulk. So the dependence of an action on DF at large
l is nonlocal, of the Casimir kind, and it falls with l; this
is the point of Section VII.

IV. THE HIGGS FIELD IS THE GAUGE FIELD
ALONG THE INTERVAL

In Connes’ geometry the Higgs field comes from inner
fluctuations

∑
ai[DF , bi]. In a Kaluza-Klein theory a



4scalar in the gauge sector comes from the component
of a connection along the internal direction. That the
Higgs is a connection in the discrete internal direction
is the original reading of [4]. With a parent, it becomes
a statement relating an operator on the interval to an
operator on the window, in three precise senses.

First, for f in the parent algebra, the compression
Ql to the window satisfies Ql([DX , f ]) = [DF , Ql(f)]
(Supplemental Material, part 22). More generally
Ql(ET ) = −l−1 ∫ l

0 sin(x adDF
)(T (x)) dx, which is

− l
2 [DF , T ] to leading order for constant T . So a connec-

tion along the interval compresses to a finite one-form.
Second, a connection h along the interval is equiva-

lent to a rotation of the second wall: D(Γ0, Γ1) + Eh =
uD(Γ0, w∗Γ1w)u∗, with w its holonomy (Supplemental
Material, part 23). The fluctuations odd for the grading
change the principal angles between the two wall grad-
ings, which are the masses. So the Higgs modulus is the
angle between the walls. For M2(H) the field space is S4,
and the modulus is half the geodesic distance between
the points chosen by the walls. The even fluctuations, by
contrast, leave all the singular values fixed (Supplemental
Material, part 22, No-go theorem 22.7).

Third, which of these are physical is decided at the
walls. With wall algebras of skew parts k0, kl and a five-
dimensional Yang-Mills action, the massless scalars from
the interval component are the orthogonal complement
of k0 + kl. A generator in k0 ∩ kl has a massless vector
and no massless scalar; a generator in the complement
has a massless scalar and no massless vector; all others
have neither (Supplemental Material, part 38). So in
the parent of lemma 22, whose algebra is free at one
wall, the interval component has no zero mode, and the
Higgs is the wall datum X. In the two-grading parent of
lemma 23, it is a modulus. The rule “vector or scalar,
never both” is the reason a gauge-Higgs scalar in a chosen
representation forces the walls.

V. THE REAL STRUCTURE FIXES THE
SYMMETRY OF A MASSLESS BLOCK

An odd factorization of a KO-6 triple uses a grading-
reversing unitary U with UJ = sJU ; s = +1 gives KO-7
(label 11) and s = −1 gives KO-5 (label 9) [1]. The in-
duced antiunitary j = JU on the positive-chirality sub-
space has j2 = s, so the unitaries commuting with it on a



5massless block of dimension n form O(n) for s = +1 and
USp(n) for s = −1 (Supplemental Material, part 35).

Proposition 1. For the five light quarks in three colours,
the positive-chirality block is H+ = {qL}⊕{qR} = V ⊕ V̄ ,
of dimension 30, with j qL = s qR and j qR = qL. For s =
+1 the skew generators commuting with j are so(30) =
u(15)⊕Λ2V , with u(15) the commutant of quark number,
and for s = −1 they are usp(30) = u(15) ⊕ S2V . In the
colour antitriplet, with charges (−2/3, +1/3, +4/3), the
counts are (6, 6, 3) and (3, 6, 1).

The proof is linear algebra (Supplemental Material,
part 38). So the SO(30) met by counting in the spec-
tral action [1] and the scalar counts of [5] have a precise
place in the finite geometry: the symmetry of the mass-
less light block under the real structure, for the sign that
the seesaw sector also selects. Here U commutes with the
vectorlike algebra of label 9, and it serves only to define
j for the larger algebra below.

A second statement separates the two kinds of opera-
tor. A Hermitian operator X with JX = ϵ′XJ , in the
labels 9 to 11, where ϵϵ′ = +1, has a symmetric block
between particles and antiparticles of one multiplet, as
a Majorana mass does (Supplemental Material, part 36).
A Hermitian gauge generator anticommutes with j and
has an antisymmetric block for s = +1 (symmetric for
s = −1). The two are joined by the commutator with
the masses: the connection along the interval has a block
Bij in Λ2V , and its compression to the window, to first
order and with the compression fixed, is the symmetric
block

δΛij = −1 − cos(l(mi − mj))
l(mi − mj) Bij , (2)

with Λ the mass matrix. This maps (S25, 3̄) onto (Λ25, 3̄)
for distinct masses, with kernel the five same-flavour di-
quarks, and it vanishes for a universal mass, where M =
mU is invariant under SO(30) (Supplemental Material,
part 38). So the counts (6, 6, 3) belong to the parent,
and (3, 6, 1) to its window; the compression is an opera-
tor identity, and its realization as an inner fluctuation at
nonzero mass needs a unital completion of the corner al-
gebra (Supplemental Material, part 38). The companion
note [6] develops this section, with the comparison to the
source of the counts.

The scope matters. With this algebra order one fails on
the block for nonzero masses, and on the interval massless



6scalars in Λ2V need both walls reduced to M15(C), as an
input. Then the (24, 1)+(1, 1) are vectors, so the slepton
counts of [5] do not come out as scalars on an interval.

VI. THE ALGEBRA

A function algebra is commutative; a window of it need
not be. Three exact examples, in increasing strength.
The two lowest levels of the chiral interval give a four-
dimensional operator system generating M2(C) on each
chiral block [1]. The lowest Landau level of a torus with
flux p, doubled, has the signs of KO-dimension six and,
with the unital datum Mp(C) ⊕ C of Supplemental Ma-
terial, part 16, Corollary 16.8, window Mp(C), with the
Landau gap ∼ (p/A)1/2 sending the tower to infinity as
the area shrinks at fixed flux (Supplemental Material,
part 40); at p = 3 this has the form of the colour sector,
with the opposite algebra acting on the antiquarks. On
the disc bundle of Λ2

−T ∗S4, with a Callias potential and
a local wall, there are exactly eight light states, a copy of
the 4 of Sp(2) near each end, and real functions compress
to maps generating M2(H) ⊕ M4(C) [3].

Two cautions come with these. Generated algebras
need not converge when compression maps do: an un-
restricted generated algebra can retain extra directions,
and the quaternionic statement holds for bounded ex-
pressions, up to a defect (Supplemental Material, part
30). Second, order zero with the inherited J forces a com-
mutative algebra under pointwise reality (Supplemental
Material, part 16, Proposition 16.1), so a noncommuta-
tive window needs a doubling, a second sheet, or a loss
of the inherited symmetry; on the disc bundle, the wall
breaks charge conjugation, and this is what allows M4(C)
there.

VII. THE MASSLESS LIMIT AND WHAT
SELECTS THE PATH

A path to MW = MZ = 0 opens a dimension only
if the first discarded level also falls, more slowly than
the light masses, and the count at fixed energy diverges
[3]. Such families exist on the interval and on the disc
bundle, where the count has seven-dimensional growth.
No action has selected one.



7A one-loop potential with l and the wall angles as its
only scales has the form l−4G(θ). With θ free the length
runs away, and with θ = lm an isolated stationary angle
fixes lm; a flat direction would select nothing (Supple-
mental Material, part 31). In the normalization of Sup-
plemental Material, part 24, the angle-independent part
is new here:

8π2l4V (0) = 3ζ(5)
16

(
4nf −3

(
ni − 15

16 nh

)
−ns −5ng

)
, (3)

with nf twice the Dirac species, ni and nh the gauge
generators with integer and half-integer towers at θ = 0,
ns the real scalars with integer towers and ng = 1 with
a five-dimensional graviton, assuming the bulk vacuum
energy and the wall tensions tuned away (Supplemental
Material, part 37). For three generations and sp(2) ⊕
su(4), with ni = 16 and nh = 9, the bracket is 192 −
22.7 = 169.3, so at v = 0 the length runs to infinity, in
the direction of the proposal.

With only the top at the wall angle, G > 0 on [0, π/2],
and the length grows until the top leaves the window
(Python). With a universal mass, G changes sign and
there is a stable point, at θ∗ = 1.009 for three gener-
ations and θ∗ = 1.031 for one (Python). These angles
are of order one, so these vacua do not separate the win-
dow. A scale-free action can separate it, with a fixed
small ratio, if the light mass is exponentially small in a
stabilized shape parameter, as on the disc bundle; this
is a separated window at each radius, not the paramet-
ric hierarchy of the joint limit, where the ratio tends to
zero. A ratio that tends to zero needs a second scale,
and a term in v falling more slowly than m2/l2. Since
DF is a holonomy, the flat family has exactly m2/l2 at
large l, so that term must come from elsewhere, naturally
a local bulk energy depending on the electroweak order
parameter, which goes beyond DF as a pure boundary
condition.

VIII. WHAT THE STRING DUALITIES GIVE

The shape of the heterotic web, with a non-chiral the-
ory in nine dimensions, chiral theories in ten and walls in
eleven, suggests a dictionary: the two sheets as two orien-
tifold walls, DF as sixteen D8-brane positions, SO(30) ×
SO(2) as fifteen branes and one displaced for the top
[1, 7]. In this web chirality distinguishes dimensions



8rather than groups: both heterotic strings are chiral in
ten dimensions and are one non-chiral theory in nine,
and the two groups differ by the open-string description
of SO(32) [7] and the eleven-dimensional end of E8 × E8
[8]. At the level of free spectra the top channel is an
SO(32) Wilson-line channel, mt = a/R, which is a form
of the Hosotani mechanism [9]. Against the sources, the
rest needs three corrections (Supplemental Material, part
37).

First, the angle is nonlinear in the position: θk =
π
2 W (xk)/W (L) with W =

∫
z−1/3dx, from the BPS

masses [7], so the dilaton is a trace of a function of |DF |
only implicitly. Second, the tower is a winding tower of
type I′, so the length l and the type I′ length Lp are T-
dual, with lLp = π2α′ at constant dilaton in the type I′

metric, and an extra factor λ
1/2
h for the heterotic radius

in the heterotic metric. The limit l → ∞ at fixed het-
erotic coupling shrinks the type I′ interval, and it ends at
ten-dimensional SO(32). Third, the configuration 15 + 1
has a Romans mass in the bulk. Its proper length is
linear in the inverse coupling, so in the classical profile
no region has both strong coupling and a length resolved
in eleven-dimensional units, in line with the remark of
[10] that only eight D8-branes with an orientifold plane
are known to arise in M-theory.

The charged states massless at the far wall at infinite
coupling are D0-branes [10], heterotic winding states:
they are massless at the string-scale radius and grow
heavier with R, the opposite of l ∼ 1/MW . A neutral Z
cannot be of this kind, since the rank is fixed. The dilaton
gradient falls as 6/R2 along an opening path, and it can
act as the second scale only if the coefficient in Eq. (3)
vanishes. These are negative statements in the scope of
that dictionary. They point to the other chambers, with-
out the Romans mass, and to other completions.

One comparison with an eleven-dimensional geometry
survives as an observation. Witten’s space with Killing
spinors, M111, is the hypercharge quotient of the 5̄ of
SU(5), since the weights 2, −3 of its Kähler quotient are
6Y on dc and L; the cone is Calabi-Yau because tr Y = 0,
and 11 = 4 + (2 · 5 − 3) (Supplemental Material, part 32,
[11, 12]). The Z6 of the Standard Model is then the
kernel of SU(3) × SU(2) on it, so no bosonic Kaluza-
Klein mode is a triplet or a doublet. The weights are in
[12] and the sources it builds on; a targeted search found
no statement of the hypercharge reading, and that search
was not exhaustive.



9IX. WHERE THIS LEAVES THE QUESTION

Three things seem settled, in their scopes. The finite
Dirac operator, grading and real structure are boundary
data of a parent, exactly. The Higgs field is the interval
component of a connection, seen in the window. Noncom-
mutative finite algebras arise from commutative parents
as limits of compression maps, and a local operator can
produce the window.

Three things stay open, in order of consequence. The
first is the vector sector on a seven-dimensional parent:
nothing yet identifies the tunnelling scale with MW , and
the coupling g−2

4 = Vol/g2 falls with the size. The sec-
ond is the selection of the family, by a term in the action
with a local dependence on the order parameter, or by a
stabilized shape. The third is the part of the finite data
that remains input (the number of generations among
them; the obstructions to an exchange of the top with
the neutrinos, and the four-family count, are collected in
[13]): on the interval the chirality comes from the choice
of walls, and on the disc bundle the 4 is pseudoreal, so
the chiral spectrum of the Standard Model is not ob-
tained. Equivariant cobordism invariance of the index
[14] gives total index zero on the boundary, so a chiral
spectrum needs another source: walls with data beyond
the extension of a bundle, or fluxes on an even base.

STATUS

The statements of the rows marked refereed were read
by GPT-6.1 Terra or GPT-6 Astra, as the ledger records.
Eq. (3), Proposition 1, Eq. (2) and the corrections of the
last section but one are new or newly assembled here,
with proofs in Supplemental Material, part 37 and Sup-
plemental Material, part 38. They have had an indepen-
dent reading by Claude Sonnet 5.5, which found an error
in our first count of the gauge generators in Eq. (3), and
a referee reading by GPT-6.1 Terra on 5 November 2026,
which reread the string sources and found one error in
Supplemental Material, part 37 (the inference of Propo-
sition 10.6, item 3, repaired with a counterexample and
a stated hypothesis) and the unital-completion point of
Supplemental Material, part 38; all applied. Numerical
statements are Python, in the repository tools. Nothing
here is submitted.
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