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Abstract

This paper develops a single structural thesis across classical and
quantum theory: physically meaningful laws arise as controlled limits of
composable local refinements. We begin with Newton’s polygonal approxi-
mation of central-force motion and its limit to continuous dynamics, then
re-express the same logic in modern variational form through additive
action functionals. We treat the path integral as a composition law over
refined time slices, not as an isolated quantum postulate, and we frame de-
formation quantization and renormalization as two mathematically distinct
control mechanisms for limit consistency. The narrative is constructive:
each stage retains the previous one as a limiting or compatibility condition
rather than replacing it. Within this architecture we reserve a dedicated
role for point-like (Dirac-supported) probes in weak formulations of the
action principle, emphasizing where they are mathematically valid and
where regularization is mandatory. The result is a staged program from
Newtonian limit methods to quantum amplitudes in which the classical
equations are recovered as stationary limits of a broader compositional
framework.

1. Introduction

The historical and technical problem addressed here is not merely “how to quan-
tize,” but “how to define a stable continuum theory from iterative refinement.”
The paper therefore treats Newtonian mechanics, action principles, path integra-
tion, deformation quantization, and renormalization as parts of one continuity
problem.

The first anchor is Newton’s geometric method in central-force motion: replace
a curve by a sequence of short segments, impose a local update rule, and pass to
a limit while controlling what is meant by “vanishing” quantities. In modern
language, the key object is not a smallest geometric piece but a refinement
procedure with invariant content [Newtonl1687]. (The term “uncuttable” in
this program means defined only via a refinement limit, not indivisible in the
ontological sense.)

The second anchor is the action formulation. Action is additive under temporal



partitioning, and that additivity is exactly the algebraic structure needed to
compare coarse and fine descriptions. This creates the bridge to quantum
composition: if local contributions compose multiplicatively while the underlying
functional is additive, exponential weighting is structurally natural [Dirac1933]
[Feynman1948].1

The long-standing foundational tension can be phrased as a Zeno-style refinement
paradox: a refinement description is an infinite-limit construction, and the limit
is not automatically unique or even defined once the refined objects become
singular (Dirac-supported probes, distributional derivatives) or once intermediate
quantities diverge. Berkeley’s critique of Newton’s fluxions — the “ghosts of
departed quantities” objection [Berkeley1734Analyst] — is an early articulation of
this tension. Classical mechanics often hides it by treating “send the refinement
parameter to zero” as an axiomatically legitimate operation. The program
pursued here is instead: keep refinement explicit, isolate where limit-taking
needs extra control, and treat quantization and renormalization as two
distinct mechanisms for making refined composition stable when the naive
Newtonian limit is not rigorous as written.

Heuristic HO.2 (Concrete failure modes of naive refinement-to-zero).
Three recurring obstructions that make “refine — 0” nontrivial in practice
are: 1. Singular probes: point-supported variations and corners/impulses
force distributional weak forms (mollifiers and contact terms). 2. Non-
uniqueness: refinement/composition can admit multiple classically equivalent
but quantum-distinct schemes (ordering/discretization choices), requiring an
explicit equivalence or control map. (Minimal witness: time-slicing H = pq
can yield —p§ vs —gp, differing by O(h) as operators; requiring symmetry
of the generator — the minimal condition for self-adjointness, itself needed
for unitarity — selects the midpoint (half-density) convention; see Remark
D4.1c.) 3. Divergence: some refinement limits do not converge without
subtraction/parameter flow (renormalization). (Toy witness: the derivative
exists only after subtracting a 1/e divergence in the difference quotient.) This
manuscript treats these as limit-control problems rather than as postulates
about “nature at the smallest scale.”

Heuristic HO.2a (No Lebesgue measure on path space). In infinite-
dimensional spaces there is no nontrivial translation-invariant o-finite Borel
measure (no Lebesgue/Haar measure) [Sudakov1959] [GlimmJaffe1987] (see also
[Velhinho2017InfDimMeasure] for a modern survey), so the formal symbol Dgq
in a path integral cannot be interpreted as an ordinary “Lebesgue measure
on trajectories.” Therefore the slogan “refine the time slicing, integrate over
paths, and send At — 0” is not a raw Newtonian limit statement but a

IThe additivity of the action under temporal partition forces the Lagrangian to be local,
up to boundary terms: cross-temporal correlations would break S[v;f] = S[Vim] + S[vmf]
for generic paths, so no cross-time kernel survives. Locality of L is a Stage 1 forcing result
(analogous to P4.2’s structural forcing at Stage 2), though weaker — it constrains form, not
content. With Ostrogradsky stability, L = L(t, q, ¢) follows.



definition-by-refinement that must specify normalization and, when singularities
are present, regulator/subtraction rules.

Heuristic HO.3 (Constants as control parameters for compatibility

limits). In this program, A, ¢, and G can be read as control parameters
for three distinct compatibilities: h — 0 recovers classical stationarity from
oscillatory composition, ¢ — oo recovers Galilean/Newtonian kinematics from
Lorentz-compatible refinement, and G — 0 switches off geometric backreaction
(with A, ¢, G together defining the Planck scale where quantum and gravitational
refinement controls meet). Derivation DO.2 below gives a concrete example of
a ¢ — 00 passage requiring an explicit subtraction convention.

The third anchor is methodological. In this manuscript, deformation quantization
and renormalization are not presented as detached specialist topics. They are
two ways to control limits: 1. Deformation quantization controls the classical-to-
quantum passage through algebraic deformation and recovery of Poisson structure
in the small-parameter limit [Landsman1998] [Connes1994]. 2. Renormalization
controls divergent refinement procedures by regulator-dependent intermediate
steps and regulator-independent observables [ConnesKreimer2000)].

Section 2 fixes the formal vocabulary and claim taxonomy used in later sections.
It also narrows one foundational ambiguity: the paper does not assume that
continuum limits are ontological statements about nature. It assumes only that
they are operational definitions of stable predictive objects. This narrowed
statement will be stress-tested in later sections.

Contributions (what is new here). 1. A refinement/composition reading
of the Newton — action — kernel chain in which each stage is retained as
a compatibility condition, not replaced. 2. An intrinsic half-density formula-
tion of the composition law for propagators, separating coordinate-free kernel
composition from scalarization conventions. 3. A semigroup-closure derivation
showing the short-time normalization exponent t~%/2 is forced by composition
(the “square-root Jacobian”). 4. A necessity theorem (Proposition P4.2) showing
that an action-dimensional scale k = h is forced by composition (the single
master axiom), with the identity limit and dimensional homogeneity derivable
from composition combined with the physical setup (action-based dynamics on
R? with mass m). The exponential weight form is derived rather than assumed;
extensions to curved, interacting, and Lorentzian settings are discussed. 5. A
refinement-compatibility framing of renormalization in which RG invariance is
the consistency condition demanded by divergent refinement limits. 6. A fully
explicit “RG appears before QFT” computation (2D delta/contact interaction)
included as an appendix-level witness.

2. Notation and Claim Taxonomy

Dimension bookkeeping. Throughout Sections 2-7, d denotes the dimension of
the manifold being integrated over in the composition law (typically configuration-



space/spatial dimension in nonrelativistic kernels). When we write field-theory-
style spacetime integrals, we will denote spacetime dimension by D to avoid
conflating it with the composition-variable dimension.

2.1 Core Objects

Let g : [ti,tf] — R? be a configuration-space trajectory and L(g,¢,t) a La-
grangian. Define the action:

ty
Slq] = L(q,q,t)dt.

t;

For a partition ¢; = t9 < t; < --- <ty = t; with Aty = {41 — tg, define the
discrete action functional:

N—-1
Snlql = ﬁ(Qk, W,tk) Aty,.
k=0 k

For planar central motion ¢ = (r, 8), define areal velocity and angular momentum:

. 1 . . .
A= 57"29, Long = mr20 = 2mA.
These definitions are used as the Newtonian-to-variational bridge in Section 3

and Section 4.

2.2 Weak-Form Preliminaries for Point-Like Probes

Let n € C2°((ti, t); RY) be a smooth compactly supported test variation. The
first variation is written 05[g; 7], and stationarity means 0S[¢;n] = 0 for all
admissible 7.

To model point-supported probes later, introduce a mollifier family p. with
pe — 0 in distributions as € — 0. Any use of Dirac-supported variations in this
manuscript is understood as a mollified limit unless explicitly labeled heuristic.

2.3 Claim Taxonomy

Every substantive claim is marked by one of: 1. Proposition: statement
intended as mathematically valid under explicit assumptions. 2. Derivation:
explicit calculation from stated premises. 3. Heuristic: physically motivated
bridge that is not presented as full proof.



2.4 Seed Claims for the Program

Proposition PO.1 (Additive refinement structure). Given a partition
of [t;,tf], the discrete action Sy is additive over concatenated subintervals by
construction. Therefore action is a natural candidate for refinement comparison.

Derivation DO.1 (Composition-compatible exponential form). Suppose
a weight map W on time-sliced paths satisfies: 1. W[y o07y3] = Wy |[W[ry2]
for composable segments. 2. log W is local in the slice contributions. 3. The
corresponding additive functional is proportional to Sy in the refinement limit.

Then there exists a scale K and constant ¢y such that, up to normalization,
Wy] «x exp(coS[y]/k). Choosing ¢y = i and x = h recovers the standard
oscillatory quantum weighting form.

Heuristic HO.1 (Classical recovery as concentration). When the
phase scale is small relative to action variation, dominant contributions
concentrate near stationary-action trajectories. This is the structural claim later
made precise through stationary-phase analysis.

Derivation DO.2 (Nonrelativistic limit as a controlled \(c\to\infty\)
subtraction). Consider the relativistic free-particle action written with an
explicit speed-of-light parameter:

ty —
Srellq] = —mc? dt +/1 — gl )
t; c?

For ||| < ¢, expand the square root:

Suld = [t (=m+ fla + 0 ).

The term —mc?(ty — t;) diverges as ¢ — oo. Classically it is inert (adding
a constant to £ does not change the Euler-Lagrange equations), so one may
subtract it as an allowed additive counterterm to obtain a finite ¢ — oo limit: the
Newtonian kinetic action [ 1m||¢||2dt plus higher-order relativistic corrections.
In quantum amplitudes, the same subtraction corresponds to an overall phase
e~ime*(ts=t:)/h  This remark is at the particle-mechanics level; field-theory
and gravity effects of constant terms (vacuum energy) are a separate issue not
addressed here.

2.5 Scope Boundary Established

This section fixes notation and methodological boundaries: 1. Historical state-
ments are used only as source-anchored motivation. 2. Mathematical validity
requires explicit assumptions and, for singular objects, explicit regularization. 3.
Quantum and QFT-level statements are introduced only after the composition
law and refinement language are fixed.



Reader map (compatibilities; where to look). - Partition
compatibility (C;): temporal refinement/composition (time slicing).
See Sections 3-4. - Representation compatibility (Qy): order-
ing/discretization choices with the same /i — 0 limit. See Sections
6-7. - Scale compatibility (Ra): coarse/fine scale comparison
after parameter running (RG). See Section 8 (and Appendix 10.5 for
an explicit witness).

Symbol definitions and formal summary: Appendix 10.3.

Transition to Section 3: with notation fixed, the next section derives the New-
tonian area-law refinement argument in modern symbols and links it to Lang
conservation.

3. Newtonian Refinement and Area Law

3.1 Source-Critical Framing

In Book I, Proposition I of the Principia, Newton proves that a centripetal
forcing rule implies equal areas swept in equal times by the radius vector. The
historical proof is polygonal and limit-based: one constructs a piecewise-linear
trajectory with impulses directed to a fixed center, then passes to a continuous
curve by refinement [Newtonl687].

This section uses that structure directly and only then translates to modern
vector notation. Source-critically, the statements below distinguish: 1. Newton’s
geometric argument about polygons and limits. 2. A modern reformulation via
torque and angular momentum.

The reformulation is mathematically equivalent under the same assumptions,
but it is an interpretive translation, not a verbatim historical rendering.

3.2 Discrete Refinement Model

Fix equal time steps At > 0, times t; = to + kAt, and a fixed center O. Let
r; be the position vector at t;. The stepwise model is: 1. Free inertial drift
between tj and tx41. 2. Instantaneous impulse at each vertex ¢, directed along
ri (centripetal/central).

Let v, be velocity just before the impulse at #;, and v'k’,' just after. The impulse
condition is

_ N N Ty
m(V-k‘r—Vk) :Jkrk7 rk:m.
Drift then gives
Tg41 =T+ vat, A V;



Derivation D1.1 (Finite-step angular momentum invariance). Define

- _ o +
L, =mry xv,, L =mry xv/.

At impulse:

Lf — L, =mr x (vii —vy) =1k x (Jifg) = 0.
During drift:

Lo i =mre X v = m(rg -|—V;:At) X V',: =mry X kaT = LZ‘.

Hence L, ; = L : angular momentum is exactly conserved at every finite step
in this refinement model.

Derivation D1.2 (Equal areas in equal times, discrete form). The
swept area in step k is the triangle area

1 1 1L
Ady = 5 [k x (e —m)ll = 5 e x i ae = S21A,

Therefore for fixed At, A Ay is independent of k. This is the equal-areas statement
at finite polygonal level.

Derivation D1.2a (Numerical witness for the finite-step area

law). Consider an inverse-square force with GM = m = 1. Place a
body at rg = (1,0) with velocity vo = (0,0.8) — this is apoapsis of an ellipse
with eccentricity e = 9/25 = 0.36 and semi-major axis a ~ 0.735. The angular
momentum is L = 0.8.

Running the kick-drift scheme of Section 3.2 with N = 12 equal steps over one
period (T = 3.96): every triangular area AAy equals L At/(2m) = 0.132 exactly
in the algebraic sense of D1.1-D1.2, despite the radial distance varying by a
factor Tapo/Tperi = (1 +€)/(1 —e) = 17/8 = 2.1 between apoapsis and periapsis.
The equality is not a numerical coincidence or a continuum approximation — it
is an algebraic identity at each finite step, holding for any central force. Only the
trajectory shape converges under refinement; the swept-area invariant is exact
at every N.

3.3 Continuum Passage and Central-Force Generality

Proposition P1.1 (Refinement limit of areal velocity). If max; Aty —
0 under consistent refinement, the finite-step law above yields

dA _ L]

dt  2m’



for the limiting trajectory whenever the limit exists in the standard differentiable
sense.

For a smooth central force F(r) = f(r)t, this same invariant follows from torque:

dL
— =rxF=0.
T
So the areal law is independent of the inverse-power index n in F = —(K/r™)i: n

changes radial dynamics and orbit families, but not the areal-velocity conservation
mechanism itself. A companion note on relativistic central orbits analyzes
Lorentz-compatible kinematics in detail.

Remark P1.la (Asymptotic threshold bridge: Newton \(3\) vs SR
\(2\)) . For attractive power-law F(r) = K/r?, fixed angular momentum L,
and high-momentum kinetic asymptotic Ein(p) ~ ap”, one has p ~ L/r as
r — 0. Hence the centrifugal barrier scales as r—" while the attraction scales as
r~(@=1)  giving threshold get = v + 1. This recovers the Newtonian/SR shift
(v =2= @guit = 3, ¥V =1 = @uit = 2) in one line. The criterion is a fixed-L,
small-r asymptotic statement and is distinct from the separate inverse-square
dimensional identity mechanism (where K/L has velocity units and yields
v = K/L in SR circular analysis).

Heuristic H1.1 (Impulse-to-continuous interpretation). The impulse
model is a refinement scaffold for continuous forcing, not a literal claim that
nature acts by discrete kicks. Its value is structural: invariants proven exactly
at finite step survive controlled refinement.

Remark H1.la (Convergence of the polygonal construction). The pas-
sage from discrete polygonal orbits to a continuous trajectory is non-trivial: it
depends on Newton’s Lemma 3 (Book I, Section 1 of the Principia) and has
been the subject of a scholarly debate. Nauenberg [Nauenberg2003KeplerArea)
gives a modern reconstruction showing the polygonal construction has a well-
defined continuum limit parameterizing a continuous planar curve; Pourciau
[Pourciau2003] critically analyses the same limit and identifies conditions under
which the impulse assumption requires additional care. For the purposes of this
paper, the hedging in P1.1 (“whenever the limit exists in the standard differen-
tiable sense”) is sufficient: the structural content of the equal-area invariant at
finite step is independent of the convergence subtleties.

Heuristic H1.2 (Newton's scheme as a symplectic integrator). The
kick-drift structure of Section 3.2 — update velocity by an impulse at the
current position, then drift — is precisely the symplectic Euler integrator
applied to the separable Hamiltonian H(r,p) = |p|?/(2m) + V(r) [Nauen-
berg1994SymplecticNewton] [Nauenberg2018GraphicalMethod]. The exact
angular-momentum conservation (D1.1) is a consequence of two properties: the
force is central (so each kick preserves L), and the free drift is linear (so it
also preserves L). More broadly, the symplectic character of the map means it



preserves the canonical 2-form w = dp Adr at each finite step. While the method
has the same first-order convergence rate as the explicit Euler scheme analyzed
in Section 8.4, its step-doubling corrections are constrained to preserve the
symplectic form — a finite-step analogue of the principle that renormalization
counterterms must respect the symmetries of the theory.

Remark H1.2a (Convergence theorem and failure mode). Standard con-
vergence theory for one-step numerical integrators guarantees that the polygonal
orbit converges to the true continuous orbit with global error O(h) on any finite
time interval where the force VV is Lipschitz — i.e. away from the r = 0 collision
singularity of central potentials. At the collision point the Lipschitz constant
diverges, the fixed-step scheme breaks down, and regularization (Kustaanheimo-
Stiefel / Levi-Civita coordinate transformations) or adaptive stepping is required.
The structural invariants (angular momentum, equal areas) are exact at each
finite step regardless and do not depend on the convergence of the interpolation
limit. This makes precise the hedge in H1.1a: the limit exists in the standard dif-
ferentiable sense exactly where the force is Lipschitz, and fails at the singularities
where central-force models cease to be smooth.

3.4 Closed Question from the Section 2 Setup

Section 2 left one key ambiguity open: is Newton’s area law a small-step
approximation or a genuine invariant statement? The derivations above close
that point: within the polygonal central-impulse model, the equal-area law is
exact at each finite step and only the curve interpolation is a limiting passage.

Transition to Section 4: with the Newtonian invariant fixed in modern nota-
tion, the next section derives Euler-Lagrange equations and Noether charge
conservation to show the same structure directly in action language.

4. Action as Additive Invariant

4.1 Stationarity Setup

The Section 3 invariant was derived from a refinement model in configuration
geometry. We now restate the same physics through stationarity of action.

Assume: 1. q: [t;, t;] — R? is at least C2, and variations 7 are C'! (or smooth
with compact support). 2. £(q,q,t) is C* in t and C? in (g,¢) on the region
reached by (q(t),q(t)).

Let the action be



and define ¢ = g + en for an admissible variation 7, with either: 1. fixed
endpoints 7(t;) = n(ty) = 0, or 2. compact support in (¢;,ts).

Stationarity means

dS[q;n) = 4 S[g:] =0 for all admissible 7.
de|._,

Proposition P2.0 (Fundamental lemma, vector form). If F': [t;,t;] — R¢
is continuous and f:_f F(t)-n(t)dt =0 for all n € C°((t;,t5); RY), then F(t) =0
for all t € (¢;, ).

4.2 Euler-Lagrange Derivation

Derivation D2.1 (Euler-Lagrange equation). Differentiate under the in-
tegral sign (justified by the smoothness assumptions). By the chain rule,
d%|0£(q +en,g+ent) = %—2 -n+ ‘?)—2 - 1. Therefore:

1oL oL
5S[q: :/ ( +.~')dt.
[q; ] . 7 5

Integrating the second term by parts:

oc 1Y throL  d oL
5S[Q77]][8q'71:|ti+[i (8q_dtaq>”dt

Endpoint or compact-support conditions remove the boundary term. By
Proposition P2.0, stationarity for all admissible 5 implies:

doc o _
dt 9¢ 9dq

This is the Euler-Lagrange equation.

4.3 Rotational Symmetry and Angular Momentum

For planar central motion with
.4 mo.2 242
L(r,0,1,0) = 5(7’ + =0 ) —V(r),
6 is cyclic (0L£/00 = 0). Applying Euler-Lagrange to 6 gives:

oL

_ oL dLang
=5 = ——ane

g
6=Loang = =0,
Do mr g dt



which is the rotational Noether conservation law [Noether1918].

In full vector form for L(r,¥) = 2|/&]|*> — V(|[r]|), the canonical momentum
is p = 0L/0fr = mt and rotational invariance yields the conserved angular
momentum vector

L=rxp.

Proposition P2.1 (Geometric-variational invariant equivalence).
Under the regularity assumptions above, the Section 3 area-law invariant and
the Noether charge are the same quantity in different language:

Thus Section 3 and Section 4 do not provide competing derivations; they provide
geometric and variational presentations of one conserved structure. Newton’s
polygonal proof is also strictly stronger in scope: the equal-area statement
is exact at each finite impulse step without assuming smoothness or even a
Lagrangian, whereas Noether’s charge conservation requires a smooth trajectory
and rotational symmetry of £ to reproduce the same invariant.

Proposition P2.2 (Energy for autonomous central motion). If £ has no
explicit time dependence, then the energy function

oL
E=¢ —-L
q a4
is conserved (time-translation symmetry, another Noether law) [Noether1918].
For the central-motion Lagrangian above,

L2
=" .9 ang v
2" + 2mr? + Vi),

showing the standard reduction to one-dimensional radial motion with effective
potential Vog(r) = V(r) + L2,/ (2mr?).

ang

4.4 Additivity and Composition Pre-Bridge

Recall the discrete action functional from the refinement viewpoint:

N-1
Snla) =) L‘(Qk, W,tk) Aty
k=0
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It is additive under interval concatenation by construction. This additivity is the
structural input used later for composition-based quantum weighting in Section
6.

Heuristic H2.1 (Toward distributional probes). Point-like probes of ex-
trema can be expressed in distributional language. In this manuscript, technical
use of such probes is deferred to Section 5, where mollifier limits and admissibility
are stated explicitly.

Transition to Section 5: with Euler-Lagrange and Noether structure fixed, we
next extend stationarity analysis to weak/distributional settings and clarify
where Dirac-supported constructions are valid.

5. Dirac Distributions and Extremal Action

5.1 Why Weak Formulations Appear Here

The story so far treated trajectories as classically smooth. Two themes force
a more careful formulation: 1. Refinement limits often produce objects that
are only piecewise smooth (corners) or are best handled by weak limits. 2.
The “point-like probe” idea (Dirac-supported localization) is naturally stated in
distribution theory.

We keep the role of distributions narrow and explicit: distributions are used
as linear functionals on test functions and as limits of smooth approximations.
Nonlinear operations on distributions are not assumed unless regularized.

5.2 Weak Euler-Lagrange Equation

Let ¢ € C([ti, tf];RY) be a candidate trajectory and assume £(g, d,t) is smooth
enough that 9,£ and 04L are well-defined along g.

Proposition P3.1 (Weak stationarity statement). If §S[g;n] = 0 for all
n € C((t;,ty); RY), then the Euler-Lagrange operator

oL d oL

Flql(t) = ?q(q,w) - gafq(qmb t)

vanishes as a distribution on (¢;,ty): for all test 7,

| - =o.

Equivalently, Fg] = 0 in D'((t;,t;); R?), where D’ is the dual of C°.

Derivation D3.1 (Weak form from first variation). Start from the first-
variation identity (as in Section 4):

12



tr /oL oL
s = [ (2 n+ 25
lq; 7] .\ 9 n+ 5

Integrate the second term by parts. Compact support eliminates the boundary
term and yields the stated distributional identity.

5.3 Point-Like Probes via Mollifiers (Not Raw Deltas)

Pick a nonnegative mollifier p € C°(R) with [p = 1, and define p.(t) =
e~ 1p(t/e).

Proposition P3.2 (Localized probing under continuity). Assume
Fg](t) is continuous at a time ¢y € (¢;,t7). Then weak stationarity implies the
pointwise condition F[¢](tg) = 0.

Derivation D3.2. For any fixed vector u € R%, choose a localized test function
Ne(t) = pe(t — to) u. Then the weak identity gives

ty

0= / ") - pelt — to) wdt = - / pe(t — to) Flq)(t) dt.

ti ti

As e — 07, the convolution integral tends to F'[q](to) by continuity. Since u was
arbitrary, F[q](to) = 0.

This is the precise sense in which “Dirac-supported probes” recover pointwise
Euler-Lagrange equations: they do so through mollifier limits, not by inserting
nonlinear expressions involving §(t — tg). (For an expanded treatment with
explicit functional-analytic hypotheses, a fully worked delta-kick model, and the
connection from N-impulse matching to the time-sliced path integral, cf. Theorem
2.1 and Section 4 in the Dirac Probes companion note.)

5.4 Corners and Impulses: Jump Conditions

There are two distinct phenomena that look “singular” in time: 1. Corners: ¢
is continuous but ¢ has a jump at tg, with no delta forcing. 2. Impulses: the
dynamics includes a delta force at tg, producing a momentum jump.

We record both conditions explicitly.

Proposition P3.3 (Corner condition without impulse). Assume ¢ is
piecewise C? with a velocity discontinuity at ¢y, and satisfies the unforced
Euler-Lagrange equation on each side of ¢g. Then:

to
{8[2} —0
to

aq

13



Derivation D3.3 (Corner condition). Integrate the unforced Euler-
Lagrange equation on [ty — €,t9 + £]:

[a£:|to+€ /to+s oL
— = — dt.
ol to—e 04

to—e 0—

Let ¢ — 07. Under local boundedness of 9,£, the right-hand side vanishes,
yielding the jump condition above. This is the local corner continuity of canonical
momentum (Weierstrass-Erdmann form in this one-corner setting).

Proposition P3.4 (Impulse force implies momentum jump) . Consider
the forced Euler-Lagrange equation in distribution form

for a fixed impulse vector J € R?. If ;L has one-sided limits at ¢, then

L oc

[‘%F = S - S =

9], 9

Derivation D3.4. Integrate the equation on [tg — &,t9 + €]. The integral of
the smooth term 9,L tends to 0 as ¢ — 0. The derivative term integrates to the
jump in 94£. The right-hand side integrates to J.

For the standard mechanical Lagrangian £ = 2{|¢||* — V/(¢), this reduces to the
familiar momentum jump:

m(q(ty) —d(ty)) = J.

This connects directly to the Section 3 impulse scaffold: central impulses preserve
angular momentum because they change momentum only in the radial direction.

5.5 Extremal Measures: Finite-Dimensional Analogy and
Limits
The phrase “Dirac distributions to calculate extrema” is unambiguous in finite

dimensions. For a smooth f: R — R, the distribution 6(f’(z)) is supported on
the critical points of f. In higher dimensions one analogously uses 6(V f).

Derivation D3.5 (Square-root delta normalization and Born-rule

form). Let f : RY — R be smooth and define, for ¢ > 0, A.(0) :=
e N2 [e2/@)O(z)dx. Then |[A(O)? = eV [[ezU@=FW)O(2)O(y) du dy.
Under the near-diagonal scaling y = z + ¢z (so dy = £Vdz), one formally obtains
|A-(0)]2 = (2m)N [6(V f(2))|O(x)|? dz. This exhibits the pattern “density =

14



lamplitude|?”, with the exponent N/2 matching the half-density scaling needed

to cancel Jacobians under refinement.

Derivation D3.5a (Nondegenerate critical points: why the weights
are square roots). In one dimension, if f has finitely many nondegenerate
critical points x; (so f'(z;) =0 and f”(x;) # 0), then the distributional identity

(@) = 3 T

makes explicit that 6(f") dx is a density supported on stationary points with
weights 1/|f”|. Stationary phase, by contrast, gives amplitude contributions
weighted by 1/+/]f"(x;)|. This is the clean finite-dimensional reason the “half-
density first” viewpoint is natural: amplitude weights are square roots of density
weights.

Section 6 recovers the same “square-root Jacobian” in the dynamical setting:
semigroup composition of short-time kernels forces the characteristic ¢~%/2
normalization (Derivation D4.1a). (A comprehensive treatment showing this
exponent is forced across four distinct settings — temporal composition, Van
Vleck determinant in curved space, heat-kernel diffusion, and renormalization
thresholds — is given in the companion satellite [PathIntegralNormalization].)

In infinite-dimensional settings (paths), one is tempted to write “formal measures”
supported on stationary-action trajectories. In this manuscript we treat such
expressions as roadmap heuristics until they are regularized and made compatible
with composition (Section 6); see also Heuristic HO.2a. (A companion note
on delta objects collects the finite-dimensional scaling computations — identity
kernel, stationary-set concentration, point interactions as rank-one kernels — and
traces the Van Vleck determinant as the propagator instance of the square-root
Hessian.)

Remark D3.5b (Delta-object dictionary and safe/unsafe criteriom).

Five delta-adjacent constructions appear in this work: (i) the stationary-set
delta 6(Vf), which localizes on critical points of a smooth function with
Hessian-determinant weights (the distributional change-of-variables formula);
(ii) the distributional derivative ¢’, defined by duality and realizable as a
point-splitting limit; (iii) the diagonal delta kernel (2 — y)|dz|"/?|dy|*/?, the
Schwartz kernel of the identity on half-densities; (iv) the delta potential g §(z),
a rank-one perturbation that defines a self-adjoint extension in d < 3 but
requires renormalization for d > 2; and (v) the heuristic “0(0.5)” for extremal
support on path space. The first four are rigorous (with renormalization where
noted); the fifth is meaningful only as a shorthand for the finite-dimensional
stationary-phase identity combined with the composition-compatible N — oo
limit of Section 6. The safe/unsafe boundary is mollifier universality: a delta
construction is scheme-independent precisely when it probes a continuous object,
so that the mollifier-sequence limit is unique; products of singular distributions
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or coincident-point evaluations of singular kernels are scheme-dependent and
require explicit regularization.

5.6 Caveats (Nonlinear Distribution Pitfalls)

1. Products like 6(t)? are not defined in standard distribution theory;
any appearance requires a regularization scheme and a proof of
scheme-independence for claimed observables.

2. “Evaluate at a point” is only legitimate for quantities known to be continu-
ous (or otherwise well-defined) at that point; mollifier probing must state
this assumption explicitly.

3. Stationarity (6.5 = 0) is not the same as minimality; second variation and
convexity conditions are separate and are not assumed here.

Transition to Section 6: we now have a controlled notion of “extremal classical
dynamics” (including impulses and corners) and a precise language for refinement-
local probes. The next section uses composition under time slicing to motivate
amplitude weights and the path integral.

6. Composition and Path Integral

6.1 Composition Postulate for Amplitudes

Let K(qf,ts;¢;,t;) denote the transition amplitude. The structural postulate is
composition on intermediate time slices:

K(qr,tpiqit;) = /qu(qf,tf;q,t)K(q,t;qi,ti), t <t <ty

Heuristic H4.0 (Half-density kernels make composition measure-free).
On a configuration manifold M, the coordinate-free object underly-
ing the displayed formula is a bi-half-density kernel: K;(¢,q) €
|AdT;,M|1/2 ® |AdT;M|1/2. Then composition is the canonical pairing in the
intermediate variable ¢, and it does not require choosing a background measure.
Writing [ dgq is what one gets after choosing a reference density to identify
half-densities with scalar functions.

Derivation D4.0 (Coordinate invariance of composition via half-densities).
In local coordinates g, write K:(¢',q) = ki(q',q)|dq'|'/?|dq|'/?>. Then
th—t(Qf,Q)Kt—t,-(q’Qi) = kiks |de|1/2‘dQ||in|1/2 is a density in g, so

fM K, +(qr,q)Ki—+,(q,q:) is coordinate invariant. This is the intrinsic meaning

of the composition postulate.

Heuristic H4.0a (Scalarization gauge and scale). Writing a half-
density kernel as an ordinary scalar function with an explicit “dg” implicitly
chooses a reference density p. on M (equivalently a reference half-density
/ 2)

Oy = pi . Different choices are related by pointwise multiplication and give
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unitarily equivalent scalar representations. If one additionally demands scalar
amplitudes be dimensionless, then o, must carry the full lengthd/ 2 weight, so a
universal choice of o, is equivalent to choosing a universal lengthd/ % scale. In
a spacetime QFT setting where the scalarization problem is formulated over
an integration variable of dimension D, this is a length” /2 scale; in D = 4 it
is an area, with the Planck area (3 = hG/c® a natural universal candidate.
A companion note explores further (optional) hypotheses about such scale
suppliers; no such identification is required for the present paper’s structural
chain.

Heuristic H4.0b (Independent \(D=4\) filter: operator simplicity
under conformal scalarization changes). The “scale supplier” question
above is distinct from a different way D = 4 can appear once one insists on scalar
representatives: simplicity of how kinetic operators depend on scalarization
choices. In a covariant/QFT setting (spacetime dimension D), the scalar
Laplacian A, induces an operator on half-densities by conjugation,

Ay =g/ Aglg| 1.

Under a conformal rescaling g = e2?g, the half-density conjugation produces a
quadratic-gradient term o |Vo|? with universal coefficient D(4 — D) /4, hence
it cancels at D = 4 (within the conformal class). (To see this, note that
lg|'/* = eP7/2|g|}/4; conjugating A, by eP?/2 and using the conformal Laplacian
identity Ay¢p = e 27[Ay¢ + (D—2)g"0;0 0;¢] produces the potential Vip =
—LAjo+ w|@a|2; the coefficient w = %2 — w collects the
contributions from the chain rule applied to e=P?/ 2)) This is an operator-
simplicity filter (scale-neutral) and is independent of the coupling-dimension
sieve discussed above. (A companion satellite on half-densities in QFT develops
the full bi-half-density calculus for spacetime propagators and Green functions,
including the conformal-class expansion, the normal-coordinate computation
showing the universal conjugation potential V' = (1/6)R matches conformal
coupling only at D = 4, and the heat-kernel trace formula without extraneous

v/ |g| factors.)

Heuristic H4.0c (RG-side echo: gauge-coupling marginality at
\(D=4\)) . On the renormalization side, D = 4 is the unique dimension in which
1-form gauge couplings are marginal by power counting ([¢?] = length”™?),
and in which the classical Yang-Mills action is conformally invariant (the
action-density weight factor e(P~4? equals unity). Both this statement and the
half-density cancellation in H4.0b share the algebraic root (D —4) = 0, but they
apply to different objects: the half-density version is universal (independent
of matter content), while the RG version is coupling-specific (tied to the form
degree of the gauge connection via D = 2(p 4 1) for a p-form field; p = 1 gives
D =4). The counsistency of these two logically independent filters at D =4 is a
nontrivial structural check: the half-density filter selects the kinematic arena,
and the RG filter constrains the dynamics within it.
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Derivation D4.1 (Time slicing from repeated composition). Iterating
the composition law over a partition ¢; =19 < --- <ty =ty gives

N-1 N—-1

K(qg.ty:qi,ti) =/ 1T dax [T Kalgrsr arste),

k=1 k=0

with o = gi, gv = g, Atg = tg+1 — tk, and K the short-time kernel.

Derivation D4.l1la (Semigroup fixes the \(t"{-d/2}\) normalization).
On M = R?, translation invariance suggests a bi-half-density kernel of the
form K;(x,y) = ki(x — y) |dz|"/?|dy|*/?, so the semigroup law becomes a scalar
convolution: k;i s = k; * ks. Assume a quadratic short-time phase and write

t) = A0 exp (140

t

interpreting the Gaussian integral in Euclidean time (heat kernel) and then
analytically continuing, or with the usual 70 prescription. Then

(e # k) (1) = A(£)A(s) /R exp(i;’; <”“t””2 + ””5|2)> dv.

Completing the square yields

S

Ju—ol> fol® _ Jlull®  t+s] u
t+s

t s t+s ts

)

so the convolution closes on the same family with

ts
t+ s

d/2
A(t+s) = A(t)A(s) ( ) x (phase).

The unique solution (up to an overall constant phase) is A(t) oc t~%2. Thus the
exponent d/2 is forced by semigroup composition: it is the half-density “square-
root Jacobian” needed for refinement-stable kernel composition. Imposing the
delta initial condition as ¢ — 0T fixes the remaining normalization constant and
forces h into the prefactor (in standard flat-space scalar conventions, A(t) =
(m/2miht)?? up to phase).

Proposition P4.2 (Necessity of an action-dimensional scale for

composition-compatible refinement). Let M = R?¢ with Lagrangian
L(q,q,t) and action S[g] = [ Ldt of dimension [S] = mass - length? - time™!.
Assume a family of transition kernels {K(qy,ts;qi,ti)}e,>¢, satisfying: (C)
Composition (semigroup): K(qs,ts;qi,t:) = [,, da K(qs,t5;q,t)K(q,t;qi,t;) for
all t; <t < ty; (L) Local exponential weight: Ka:(qs,q;) = N (At) exp(coSsiice)
for short times; (I) Identity: K(qf,ts;qit:) — 6D (qr — qi) as t; — tf; (D)
Dimensional homogeneity: [K] = length™@. Then: (i) the normalization

18



exponent is N(At) o< (At)~%?, uniquely determined by composition closure
(Derivation D4.1a); (ii) there exists a constant k with [k] = [action] such that
N(At) = (m/2rrAt)%? and ¢y = i/k (or —1/k in Buclidean signature), fixed by
the identity limit and dimensional analysis; (iii) £ cannot be eliminated: setting
k — 0 collapses composition to Hamilton—-Jacobi extremization, which has no
distributional identity limit (the composed kernel approaches §(gf — gci(gi)),
generically not 6(qs — ¢;) for t > 0); setting k — oo makes the weight trivial
and loses dynamical content. The scale k is therefore a necessary structural
constant of any composition-compatible refinement of action-based dynamics.
(iv) The structural result is that k exists and is necessary; identifying k = i (a
physical identification with the empirically measured quantum of action, not
a further structural forcing) recovers the standard quantum propagator with
Feynman phase €*5/" and Van Vleck normalization.

Remark P4.2a (Consolidation of existing derivations). The proposi-
tion consolidates Derivation D4.1a (composition forces t~%/2), Derivation D4.2a
(soft extremum requires & > 0), Derivation PA-D1.2a/b (half-density identity
kernel scaling in the planck-area note), and the heat-kernel witness (five manifes-
tations of d/2: identity kernel, heat trace, propagator Schwinger parametrization,
UV divergence degree, dimensional regularization poles). It reorganizes existing
results into a necessity statement rather than introducing new mathematics.

Remark P4.2a' (Literature precedents for composition-forced
measure). The idea that composition (the semigroup law) constrains
the path-integral measure has three principal antecedents. DeWitt [DeWitt1957)
first identified the Van Vleck-Morette determinant A'/2(z,7) as the required
measure factor for path integrals on curved spaces; the factor is a bi-half-density
(it transforms as |g(x)|'/*|g(y)|'/* under coordinate changes). Kleinert and
Chervyakov [KleinertChervyakov2000] derived A'/? from the global semigroup
property alone, showing that composition forces the normalization without
appeal to operator-ordering arguments—the closest antecedent to the present
derivation. Baldazzi, Percacci, and Zanusso [BaldazziPercacciZanusso2021]
showed that “cutting and gluing” (composition across temporal boundaries)
determines the normalization of self-normalizing path integrals uniquely.
Proposition P4.2 extends these measure-level results to a necessity theorem for
the scale k = h itself, operating at the level of the kernel functional equation and
reducing the hypothesis set to composition plus dimensional setup (Remarks
P4.2¢-h).

Remark P4.2b (Connection to RCP). The proposition is the primary construc-
tive witness of Proposition P10.1 (Refinement Compatibility Principle): partition
compatibility demands a parameter update for composition to close. The fact
that this parameter has dimension of action is forced by the dimensional content
of the classical Lagrangian, making RCP not merely structural but constructive—
it tells you what the control parameter must be.

Remark P4.2c (Hypothesis reduction: exponential weight is a
theorem) . Hypothesis (L) (local exponential weight) decomposes into two parts:
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(Lioc) kernel dependence on classical action only, and (Lexp) exponential form
W = exp(coS/k). The exponential form is not an independent assumption: for a
translation-invariant free kernel K;(u) = N (t)W (mu?/(2kt)), composition (C)
in Fourier space reduces to the multiplicative equation K7 (p) = Ky, (p) Ky, (p).
Under continuity, the unique solution is log K (p) = to(p), which forces
log Wo(q) = aq® + B (quadratic), i.e., W = exp(quadratic). The functional
equation admits no continuous non-Gaussian solution. Thus (Leyp) is a theorem
of composition, not an axiom.

Remark P4.2d (Hypothesis reduction: L\'evy--Khintchine obstruction
closes the loophole). The remaining escape from Gaussian kernels is
L'evy-stable processes with characteristic exponent ¥(p) = —c|p|®, a € (0, 2].
For these, dimensional homogeneity (D) requires [c] = [m]?[h]’. Matching
length, mass, and time exponents yields the consistency condition —a/2 =1 — a,
which forces a = 2 (Gaussian). For o # 2, no combination of m and 7 can build
the required coefficient ¢. While all L'evy processes satisfy the identity limit (I),
the discriminating hypothesis is (D): any kernel satisfying (C)+(I)+(D) with
dimensional constants {m, h} must be Gaussian. The effective hypothesis count
for Proposition P4.2 is therefore reduced from four to three: composition (C),
identity limit (I), and dimensional homogeneity (D).

Remark P4.2e (Extensions: curved, interacting, and Lorentzian
settings) . The conclusions of Proposition P4.2 are not limited to free particles
in flat Euclidean space. Three independent extensions confirm robustness:
(1) Curved configuration spaces. On a Riemannian manifold (M, g), the
short-time kernel involves the Van Vleck-Morette determinant A'/2(x,y), which
composes via the DeWitt—Morette semigroup law. The d/2 normalization
exponent is forced by the same functional equation; A and \/m are geometric
(metric-dependent) but x-independent. The metric provides no escape route
from k-necessity. (2) Interacting systems. The Mehler kernel for the
harmonic oscillator V = 1mw?¢?® satisfies composition with sinwt replacing ¢
as “time function.” The d/2 forcing is purely algebraic (dimension-counting),
and the Seeley—DeWitt coefficients a,, are composition-compatibility conditions,
not escape routes. Short-time extraction of a; = —iV/hi confirms this. (3)
Lorentzian signature. Replacing Gaussian damping by oscillatory Fresnel
phase, the algebraic parts of the argument (d/2 exponent, x = h necessity,
semigroup closure) are signature-independent. The ie prescription is itself
a theorem of composition: among regulators exp(—ef((x — y)?/t)), only
f(z) = x (linear) preserves semigroup closure, and this uniqueness follows from
degree-counting (non-linear f produces non-Gaussian integrands). Composition
alone—without invoking the identity limit—forces the ic form.

Remark P4.2f (Universality of \(\kappa\) across interacting

sectors). Proposition P4.2 forces a scale k with [k] = J[action] for
each sector individually. If two sectors (say particles A and B) interact, their
joint kernel must compose as a single semigroup. Under the single-exponential-
weight assumption, the joint kernel inherits a single k: factorization into

20



sector-specific k4 # kp is incompatible with joint composition when A and
B are coupled. Decoupled (non-interacting) sectors may in principle carry
independent scales, but transitivity of interaction in any connected physics
makes k = h universal across all interacting degrees of freedom. This universality
is not postulated but forced by composition.

Remark P4.2g (Continuum time forced by dimensional homogeneity) .
Dimensional homogeneity (D) not only forbids jump processes (Remark
P4.2d) but also forces continuous time parametrization. A discrete-time
formulation with lattice spacing € would require [¢] = T, but in non-relativistic
quantum mechanics the dimensional basis is {m, h}. Seeking ¢ = [m]?[h]” yields
Mo+ [2T=b = T'; matching exponents gives 2b = 0 (length) and —b = 1 (time),
hence b = 0 and b = —1 simultaneously—a contradiction. The root cause is that
{m,h} span only a two-dimensional subspace of the three-dimensional MLT
dimension space, and the reachable dimensions satisfy [L] = [T~/?] (up to
mass factors). Thus (D) forbids external time scales, forcing the continuum
limit ¢ — 0. Proposition P4.2 therefore establishes not only the necessity of
a finite action scale k = A, but also the necessity of continuous time as the
composition parameter. (Lattice formulations in QFT introduce ¢ as an external
UV regulator; their validity depends on controlled ¢ — 0 limits, consistent with
this obstruction.)

Remark P4.2h (Composition as single master axiom). The axiom reduc-
tion of Remarks P4.2c-g can be pushed further. Hypothesis (D) (dimensional
homogeneity) is itself a theorem of (C) (composition) on R%: the composi-
tion integral [ K(z,z;t1) K(2,y;t2) dz = K(z,y;t1 + t2) forces [K] = L% by
dimensional consistency, and the remaining content of (D) is either trivially
true for Lagrangian theories or a property of the physical setup. Similarly,
hypothesis (I) (identity limit) is derivable: the explicit Gaussian kernel forced
by (C) is a nascent delta family, so K(z,y;t) — d(z —y) as t — 0 is a theo-
rem. For general potentials, Stone’s theorem yields the same conclusion given
a self-adjoint generator. The effective hypothesis count for Proposition
P4.2 is therefore one mathematical axiom (composition) plus the
physical setup (action-based dynamics on R¢ with mass m and self-adjoint
Hamiltonian). Composition is the single master axiom for the partition channel.
(Scope caveat: the clean hypothesis reduction via the Cauchy functional equation
(P4.2¢) and Lévy—Khintchine exclusion (P4.2d) is established rigorously for the
translation-invariant free case on R?. The extensions to curved, interacting, and
Lorentzian settings (Remark P4.2e) proceed by a different route — semiclas-
sical/Van Vleck/operator-theoretic — that invokes stronger hypotheses than
composition alone. The “single master axiom” label applies without qualification
only to the flat free case; the extended cases share the same conclusion but via
additional input.) See [RCPFoundations] Section 6 for the full axiom-reduced
formulation.

Remark P4.2i (Parallel reconstruction: information-theoretic
route). Luiz and de Oliveira [LuizOliveira2026] independently arrive
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at overlapping conclusions via a different starting point: a density of action
states g(A; b, T'|a) satisfying a composition law in action space, finite variance,
and locality. Their Proposition 1 derives the Gaussian form via the same
Lévy—Khintchine exclusion, and their d/2 exponent matches ours. Their route
additionally derives complex amplitudes from Cramér—Rao indistinguishability—
a step we assume (the exponential weight is here forced by the Cauchy
functional equation, Section 6.2). Conversely, our approach yields the groupoid
reading (Section 8), the RCP three-channel framework (Section 9), and the
deformation-quantization bridge [TangentGroupoidBridge], none of which appear
in [LuizOliveira2026]. The shared core—convolution semigroup structure forces
an action-dimensional scale—is standard mathematics (the Lévy—Khintchine
theorem applied to propagator kernels); the convergence of two independent
lines of argument strengthens the case that composition is the operative
principle. A complementary kinematic derivation by Goyal, Knuth, and Skilling
[GoyalKnuthSkilling2010] shows that composition of sequential measurement
amplitudes, together with continuity, forces complex arithmetic and the Born
rule—recovering Feynman’s sum and product rules without postulating complex
amplitudes. Where [LuizOliveira2026] and the present work derive dynamical
structure (%, Gaussian kernels), [GoyalKnuthSkilling2010] derives algebraic
structure (the complex field); the three results are complementary instances of
the composition-forcing programme. The GKS framework has been extended to
a coordinate-independent classification of allowable amplitude algebras (complex
and quaternionic) via Hurwitz’s composition-algebra theorem, deriving the Born
rule without postulating the complex field [Koplinger2025].

6.2 From Additive Action to Multiplicative Weights

The Section 4/Section 5 structure gives an additive discrete action:

N-1
Snlal = E(Qk, qkthk,tk) Aty,.
k=0 k

Assume short-time locality: each slice contributes a factor depending only on
local step data. Write

KA (Gkt15 Qs tre) = Ny W

Proposition P4.1 (Exponential form under locality + composition).
If 1. total path weight is multiplicative across concatenated slices, and 2. log Wy,
is additive in Aty to first order (equivalently, Wy = exp(coLr Aty + O(At?)); the
derivation that composition forces this form via the Cauchy functional equation
is in Remark P4.2c),

then, up to normalization and higher-order slicing corrections,
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N-1

H W), o exp(co Sn(q]),
k=0

for a constant ¢y with dimensions [action] 1.

Choosing oscillatory quantum time evolution gives ¢y = i/h (the necessity of this
scale — dimensional homogeneity forces [co] = [action] ™! and the identity limit
pins the coefficient — is derived in Proposition P4.2(ii)), hence the standard
phase factor exp(iSn/h) [Dirac1933] [Feynman1948].

6.3 Ordering, Discretization, and Quantum Ambiguity

Different short-time discretizations (left/right/midpoint or more general a-
schemes) typically correspond to different operator orderings. In deformation
language, this is the same ambiguity as choosing a star-product representative;
these constructions agree in the classical limit but can differ at subleading
quantum order [Landsman1998] [deGosson2018ShortTimePropagators].

Heuristic H4.1 (Same classical limit, different quantum corrections).
Two discretizations that differ by O(At) in each slice can produce equivalent
classical equations while shifting O(h) terms in quantum generators. Thus
ordering is a controlled modeling choice, not a contradiction.

Derivation D4.1b (Ordering witness: \(H=gp\) under \(\alpha\)-discretization).
For the classical Hamiltonian H (g, p) = ¢p, the phase-space path integral with
a-prescription (evaluating position at ¢, = (1 — @)gx + aqr4+1 in each slice)

produces the operator

H, = agp+ (1 — a)pg = pg + aih.

To verify: the matrix element (¢'|Ha|q) = [aqg’ 4+ (1 — a)q)(—ih)d' (¢’ — q) =
qa(—ih)d'(¢' — q), which matches the kernel’s a-interpolated integrand order by
order in At. At a = 0 (prepoint) this is anti-standard ordering pg; at o = 1/2
(midpoint) it is the Weyl-symmetric form (gp + pg) connected to the Moyal
product of Section 7; at « = 1 (postpoint) it is standard ordering §p = pg + ih.
All three share the classical limit H = gp; the O(R) corrections are discretization
artifacts controlled by «. This is the simplest instance of the general f(g)p
family treated in Section 10.2.

Remark D4.1c (Symmetry selects the midpoint). In the position represen-
tation H, = fih(qd% + (1 — a)) on L?(R,dq), the formal symmetry defect is
(u, f{av> — (ﬁau, v) = ih(2a — 1){u,v) for test functions with compact support
away from ¢ = 0. This vanishes if and only if & = 1/2. The logical chain
is: unitarity of the generated group requires self-adjointness of the generator,
self-adjointness requires symmetry, and symmetry selects o = 1/2. Essential
self-adjointness (closure to a unique self-adjoint extension) additionally depends
on the configuration space: it holds automatically on R, via the dilation group
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but requires choosing a self-adjoint extension on R where the singularity at
g = 0 creates deficiency indices (1,1). The o = 1/2 selection itself is a purely
algebraic consequence of the L? inner product and is independent of these domain
subtleties.

Remark D4.1d (Discretization-stochastic dictionary: Itdé vs Stratonovich).
The a-discretization maps directly to stochastic calculus conventions. For an
N-impulse model with position-dependent random impulses J, = o(q,’;)\/Kt &k
(where ¢, are i.i.d. standard normals and ¢} is the evaluation point), the three
standard discretizations correspond to: o = 0 (prepoint ¢; = gi) yields the
It6 integral; o = 1/2 (midpoint ¢} = (gx + gx+1)/2) yields the Stratonovich
integral; o = 1 (postpoint g = qx+1) yields the anti-Ito6 or backward integral.
The Stratonovich-to-Itd conversion formula adds a correction term 3o (q)o’(q) dt
to the drift, which has the same structural origin as the a-dependent O(h)
shift in the quantum Hamiltonian: both are “chain-rule corrections” arising
from moving the evaluation point in a context where increments have O(v/At)
fluctuations. The Stratonovich convention preserves the classical chain rule and
the variational impulse-work formula; the It6 convention has better martingale
properties but breaks manifest symmetry. This is not a claim that path integrals
“are” stochastic processes, but rather that discretization conventions and their
O(h) or O(At) corrections map across both formalisms.

Remark D4.le (Composition selects half-density, not midpoint, on
curved manifolds). On flat configuration space R?, the midpoint discretiza-
tion (o = 1/2, Weyl ordering, Stratonovich convention) and the half-density
conjugation |g|'/4(—A,)|g|~'/* produce operators that agree on the principal
symbol and connection terms, differing only in an O(h?) scalar potential (Remark
D9.1a). On curved Riemannian manifolds, however, these two selections
diverge. The midpoint/Stratonovich prescription produces a scalar curvature
coupling &y = 1/8 (i.e. V = R/8), while the half-density conjugation produces
Vap = —R/6 at each Riemann normal coordinate center (Remark D9.11). The
composition law takes precedence: the Van Vleck—Morette determinant that
appears in the semiclassical kernel (Derivation D4.3) transforms as a bi-half-
density, and kernel composition requires the | g|1/ 4 prefactor, not the midpoint
evaluation point. (This step uses the additional assumption that the kinetic
operator is defined by the half-density conjugation Aj s = |g|*/*(—=A,)[g|~*/%;
composition determines the measure coefficient universally via Proposition P4.2,
and the conjugation then specifies the corresponding operator ordering. On
general manifolds the half-density | g|1/ 4 has no unique algebraic origin beyond
P4.2 itself, in contrast to the Lie group case where it coincides with the Duflo
factor, Remark D9.10'.) Thus the hierarchy of selection principles on curved
manifolds is: composition (half-density, R/6) D symmetry (midpoint, R/8) D
classical limit (any «). The first two coincide on flat space where all curvature
couplings vanish.
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6.4 Formal Continuum Limit and Stationary Phase

Heuristic H4.2a (Formal continuum-limit expression). Formally, as
mesh size maxy Aty — O:

ay i
K(nytﬁ%ati)’“/ Dq eXp<hS[q]>-
q

i

This expression is formal at this stage: we do not claim a countably additive
measure construction on full path space. (For an explicit regulated-kernel family
with exact composition and controlled regulator removal in the Euclidean free
and harmonic-oscillator models, see Appendix 10.6.)

Derivation D4.2 (Classical recovery mechanism). Let ¢ = g + &, where
e is stationary: 0S[gc;n] = 0. Expand:

Slae + €] = Slaa] + 3 (6 Haa) + O(E?).

Fast phase oscillations cancel nonstationary contributions, while neighborhoods
of stationary paths contribute coherently. This is the precise sense in which the
classical equations reappear as i — 0 asymptotics.

Derivation D4.2a (Soft extremum and why a finite \(\hbar\) stabilizes
refinement). Even before any infinite-dimensional measure issues, the
refinement-composition pattern forces a “softened” version of extremization.
Consider a finite-dimensional two-slice action S(g2,q1) + S(q1,q0) and form the
Euclideanized composed weight

1
Wh(g2,q0) := /dql eXp<—h(S(Q2,Q1) + 5(‘11#10))) :
Define the associated coarse effective action (a log-partition functional)

ng) (@2,90) := —hIn Wr(q2, q0)-

Then refinement-composition is exact at the level of weights (add actions
in the exponent, integrate the intermediate variable), and the hard elimina-
tion/extremization rule appears only as the sharpening limit: under standard
nondegeneracy assumptions, Laplace’s method gives

Sé?f) (g2, q0) LimaN i?lf (S(g2,q1) + S(q1,q0)),

with O(h) corrections determined by local quadratic data near the minimizer(s).
So h plays the role of a universal control parameter that makes “refine then
compare” stable, with classical extremals recovered as a limit. In real time, the
same pattern appears with e**/" and stationary phase in place of positivity and
Laplace concentration.
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Example D4.2b (Free-particle two-slice integral: explicit classical
recovery) . For a free particle of mass m, the two-slice action is
S = %[(qg - q)? + (@ — qo)Q]. Completing the square gives S =
(g2 — q0)* + 2 (¢ — @) with ¢ = (o + ¢2)/2- The Euclideanized weight
integral is Gaussian:

[ mhAt m(ga — qo)?
Wh(QQaCIO) = m eXP(_w> )

giving the coarse effective action

m(qa — QO)2 h
AL + 5 In

h m

Ash —0, Sé?f) —inf,, S = %7;1(’)2 with a subleading O(kIn &) correction from
the Gaussian width. This makes the classical-recovery mechanism of D4.2a fully
explicit: the extremal path (¢; = g, uniform velocity) is selected by sharpening,

with no additional hypotheses.

Remark D4.2c (Delocalized angles in angular-momentum eigenstates).
The stationary-phase mechanism explains how classical trajectories reappear in
semiclassical packets. It does not imply that a single stationary eigenstate is a
localized classical orbit. A simple witness occurs already in central potentials:
in polar coordinates the azimuthal angle ¢ is conjugate to L., and separation of
variables yields [TongQMLectures]

(r,¢) = R(r)e™?.

Therefore
[ (r, @)|* = |R(r)|?

is independent of ¢, i.e. the azimuthal angle is uniformly distributed in an L,
eigenstate. Localized “orbit phase” pictures correspond to coherent superpo-
sitions/wavepackets, consistent with the manuscript’s use of stationary-phase
concentration rather than “eigenstate = orbit” identification. (A companion
note on action-angle indeterminacy expands this observation to a second witness
— the harmonic oscillator, where Fock states delocalize the orbit phase while
coherent states — superpositions spread across many Fock modes — localize
it, with decoherence dynamically selecting the localized packets — and formu-
lates the general structure as an uncertainty relation between action and angle
variables.)

Derivation D4.3 (Van Vleck prefactor is a bi-half-density). In the
semiclassical approximation, the endpoint kernel has the standard form

025, )
det| ——
( 9qy 0q;
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where S is the classical action evaluated on the stationary path with those
endpoints. Under changes of coordinates ¢y = gy (q}), gi = ¢i(q}), the mixed
Hessian transforms by the chain rule, and

2 2
det | — a,Sd, = det 6qlf det(aqf> det (— 0" ) .
9q; 0q; o4y 0q; dqy 0q;
Taking square roots yields a factor \det(@qf/8q9)|1/2| det(dq;/0¢})|"/?, so the
prefactor transforms as a half-density in each endpoint variable. This is the
concrete semiclassical origin of the half-density viewpoint in Heuristic H4.0.
For an early semiclassical/correspondence-principle anchor in the “Van Vleck”
tradition, see [VanVleck1928Correspondence]. For a modern OA statement of
the Van Vleck propagator/prefactor and the associated “Van Vleck density”, see
[deGosson2018Short TimePropagators]. An explicit finite-dimensional quadratic-

elimination template (Schur complement) shows how mixed endpoint Hessians
arise in time slicing; we omit it here.

Remark D4.3a (Caustics and the Maslov index). At caustics (conjugate
points where the Van Vleck determinant D — o0), the semiclassical approxima-
tion appears to break down: the amplitude |D|'/? diverges and v/D changes sign.
In the half-density framework the singularity is a projection artifact: the semi-
classical state is a smooth half-density on the Lagrangian submanifold L C T* M,
and the caustic occurs because the projection w : L — M develops a fold
[BatesWeinstein1997]. The sign ambiguity of VD is resolved by the metaplectic
structure: half-densities transform under the double cover Mp(2n) of Sp(2n),
and the Maslov index p — counting conjugate points along the classical path —
records the accumulated phase correction e /2. This makes the “amplitudes
are half-densities” pattern of Section 3.3 precise: the Van Vleck prefactor is not
a scalar but a section of a metalinear bundle, globally well-defined even through
caustics.

6.5 Link Back to Section 5 Singular Dynamics

The composition picture naturally includes piecewise-smooth trajectories. At
impulses, the dominant classical skeleton must satisfy the jump laws from Section
5:

+ +
oLy’ oLy’
{] =J (impulse) [} =0 (corner, unforced).
aq = a4 o

So the “extremal set” entering semiclassical evaluation is broader than globally

smooth trajectories; it includes admissible broken trajectories obeying the correct
matching conditions.

Derivation D6.5 (Impulse-kick kernel: composition produces the
jump law). For a free particle on R subject to a single instantaneous impulse
J at time tg € (0,7, the propagator factorizes through the composition integral
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KJ(Q]‘f,T,Z‘Z,O) = /dy Kfree(xfaT;y7t0) ein/h Kfree(y7t0;xi70)7

where the phase e*/¥/"

Gaussian integral gives:

encodes the impulse action J - g(tp). Completing the

KJ - Kfree(xf7T;xiaO) exXp

iJ@(to) i to(T — to)}
h 2mhT ’

with Z(to) = x; + (2§ —x;)to/T the unforced classical midpoint. The saddle point
y* = x(to)—Jto(T—to)/(mT) satisties Ap = m(zy—y*) /(T —to)—m(y* —z;) /to =
J, recovering the Weierstrass—Erdmann impulse condition of Section 5 as a derived
consequence of stationarity, not an additional input. The limits J — 0 (free
particle) and J — oo (decoupling) are both physically correct.

Transition to Section 7: with composition, weighting, and classical-recovery logic
in place, we can now present quantization as deformation of algebraic prod-
ucts, linking path-integral discretization choices to tangent/cotangent groupoid
deformation structure.

7. Deformation Quantization Bridge

7.1 From Path Weights to Product Deformation

Section 6 established that discretized composition introduces nonunique short-
time prescriptions (left/right/midpoint and related schemes). The algebraic
restatement is: quantization should deform the classical product of observables
rather than replace classical mechanics by unrelated objects [Landsman1998|
[Connes1994].

Let M be phase space with Poisson bracket {-, -}, and let Ay be a commutative al-
gebra of classical observables (e.g., smooth functions with suitable decay/domain
conditions). A deformation quantization is a family of associative products *
on Ag such that:

frng=rfg+> h"Bu(f.9),

n>1

where B,, are bilinear operators, with f xg g = fg.

Proposition P5.1 (Classical compatibility conditions). If x; is asso-
ciative for each i and depends smoothly /formally on #, then the antisymmetric
part of By controls the leading noncommutativity:

[f.glen = f*n g — gxn [ =h(Bi(f,9) — Bi(g, [)) + O(R*).
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So first-order noncommutativity is fully determined by B»t.

7.2 Commutator-to-Poisson Recovery

Derivation D5.1 (Correspondence limit). Impose the correspondence re-
quirement that first-order antisymmetry matches the Poisson bracket:

Bl(fvg)_Bl(gvf) :Z{fvg}

Then

[fa g]*ﬁ, =th {fag} + O(hz)a

and therefore

lim l[.ﬂ g]*n = {f?g}

h—0 ih

Dimensional closure: [fi] = [action], while {f, g} carries one inverse action
factor relative to fg in canonical coordinates, so ih{f, g} has the same physical
dimension as fg. This is the same unit-consistency condition already used in
Section 6 for exp(i.S/h).

7.3 Concrete Model and Ordering Content

For flat phase space, the Moyal product provides an explicit representative:

(o a)an) = Sa.p e |5 (07, - 0,3,) | atavn)

which reproduces the Poisson bracket at leading order and higher
quantum corrections at higher orders [Groenewold1946ElementaryQM]
[Moyal1949StatisticalQM] [Landsman1998].

Derivation D5.1a (Moyal product for linear and quadratic observables).
For the canonical pair f = g, g = p, the exponential terminates at first order
(all higher derivatives vanish):

ih ih
(q*nm p)(q,p) = qp + 5(5qq)(3pp) =ar+ 5

By symmetry, (p *a q) = pg — %, S0 [q,plx,, = ih, exactly reproducing the
canonical commutation relation with no higher-order corrections (as expected

for linear functions).
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For f = ¢2, g = p, the second-order derivative (“)3(q2) = 2 is constant, but it
multiplies ﬁgp = 0, so the expansion again terminates at first order:

ih .
(¢ *m p) = &’p+ 5 (29)(1) = ¢°p + ihg.
Thus [¢2, plx,, = 2ihq, matching [§2, p] = 2ih § in Weyl ordering. More generally,
[q", Plx,, = nihg™ L, recovering the Leibniz rule for the Poisson bracket {¢", p} =
ng"~! at leading order with no further corrections.

Derivation D5.1b (Cubic witness: genuine \(0(\hbar~3)\) correction
in the Moyal bracket). For pure monomials f = ¢™, g = p”, all cross-
derivatives vanish (0p¢™ = Jyp™ = 0), so the Moyal product terminates at order
min(m,n) in A:

min(m,n) .
2(ih/2)k m!n! k on—k
m .n — § m n—k
[q 7p }*]\4 Pt ]C' (mfk)' (’n,*k)' q p
k odd

When min(m,n) < 2 only the k¥ = 1 term contributes, giving ii{¢™, p"} exactly
— the Poisson bracket suffices, as verified in D5.1a. The first case requiring a
higher term is m = n = 3: the k = 1 term gives 9ih ¢*p? = ih{q¢>, p*}, and the
k = 3 term gives 2(ih/2)%/3!- (3)2 = =3 ih?, so

13,0 = iR{q®, %} — 3P,

The constant —%ih3 is a genuine quantum correction that cannot be recovered
from the Poisson bracket. This makes the cubic pair the simplest witness that
deformation quantization goes beyond a re-encoding of the Poisson algebra.

Heuristic H5.1 (Ordering as deformation gauge choice). The Section
6 discretization ambiguity is naturally interpreted as choosing different but
deformation-equivalent star products; they share the same classical bracket data
but differ in O(k) and higher corrections [Landsman1998].

7.4 Equivalence Classes and Groupoid Viewpoint

Proposition P5.2 (Equivalent star products, same classical limit).
If two products x; and «}, are related by a formal automorphism

Tn=id+ KT+ O(R?), [y g =Ty ((Tnf) *n (Thg)),
then they define the same Poisson bracket in the 7z — 0 limit, while generally
differing in subleading quantum terms.

This is the algebraic side of the same continuity narrative: quantization data
are organized into equivalence classes compatible with one classical limit. Geo-
metric deformation programs (including tangent-groupoid viewpoints) encode
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the same bridge from commutative classical data to noncommutative quantum
products [Connes1994]. (A companion satellite develops the tangent-groupoid
bridge explicitly: the pair groupoid encodes the sewing law, Connes’ tangent
groupoid interpolates between classical and quantum composition, and the re-
sulting A-deformation recovers the path-integral kernel as a groupoid convolution
[TangentGroupoidBridge].)

Remark P5.2a (Deformation equivalence is physical, not merely
formal). The formal-automorphism statement of Proposition P5.2 is not
purely asymptotic: explicit calculations for a position-dependent mass
f(g) = 1+ ag® in a harmonic trap show that different prescriptions (Weyl,
half-density conjugation) agree exactly on the principal symbol (Layer 1)
and the first-derivative connection term (Layer 2), differing only in an O(h?)
scalar potential (Layer 3). The resulting ground-state energy shift between
prescriptions is |[AEg| = hwa? /16, where aq is dimensionless mass variation at
the oscillator scale. For realistic semiconductor heterostructures (GaAs quantum
wells, fuw ~ 10 meV, oy < 0.3), this gives |[AEy| < 0.06 meV, well below current
spectroscopic resolution (~ 0.1 meV). The four-layer stratification and the
explicit energy estimate are detailed in Appendix §,10.2 (Remark D9.1a). The
physical content of deformation equivalence is thus that ordering prescriptions
are observationally indistinguishable at accessible scales, while the half-density
prescription provides a geometrically distinguished representative within the
equivalence class (analogous to Lorenz gauge).

(A companion satellite on ordering equivalence develops the four-layer
classification (principal symbol, connection, scalar potential, domain) system-
atically, with additional worked examples — position-dependent mass in a
harmonic trap, curved-manifold Laplace-Beltrami operator — and connects
the ordering/discretization freedom to star-product automorphisms and the
It6/Stratonovich correspondence in path-integral time-slicing.)

7.5 Formal Deformation Boundary

In this section we use formal/asymptotic deformation language for local bridge
statements. We do not require the full C'*-algebraic deformation-quantization
program for the manuscript’s main argument; the needed ingredient is compati-
bility of the classical limit and quantum corrections under the stated assumptions
[Landsman1998|.

Transition to Section 8: with the deformation bridge in place, the remaining
problem is not how to define first-order quantum corrections, but how to keep
refined predictions finite and scale-consistent when naive limits diverge. That
control problem is precisely the renormalization step.
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8. Renormalization as Controlled Refinement

8.1 Why Renormalization Appears in Refinement Limits

The previous sections treated refinement as benign: polygonal refinement in
Section 3, time-slicing in Section 6, and deformation parameter limits in Sec-
tion 7. In quantum field theory and in several singular quantum-mechanical
models (e.g. contact interactions), the same refinement step can instead diverge
[ManuelTarrach1994PertRenQM] [BoyaRivero1994Contact]: as the cutoff scale
is removed, intermediate quantities blow up even when low-energy physics is
expected to remain finite.

Renormalization is the mechanism that restores the program’s central thesis
in the divergent case: it provides a controlled rule for taking refinement limits
so that observables remain stable. Operationally, it accepts that intermediate
expressions depend on a regulator (cutoff), but requires that properly defined
observables do not.

To keep the discussion aligned with the paper’s composition language, we
treat renormalization as an invariance/consistency condition across composed
refinement steps.

Heuristic H6.1 (Renormalization as part of "what a theory is"). In
benign refinement problems, one can often send the refinement parameter to zero
without further choices. In divergent refinement problems, the renormalization
prescription (what is regulated, what is held fixed, and how parameters are
re-expressed as the cutoff moves) is not optional bookkeeping: it is part of the
definition of the continuum theory, because it specifies which composed/refined
predictions are declared physically stable.

8.2 Regulator, Bare Data, and Renormalized Observables

Let A denote a refinement cutoff (e.g., momentum cutoff |k| < A or lattice spacing
a with A ~ 1/a). Let gg(A) denote the cutoff-dependent bare parameters of
the regulated theory (couplings, masses, field normalizations), and let Op be a
regulated prediction for some observable O.

Proposition P6.1 (Renormalized observable as cutoff-stable limit).
If there exists a choice of cutoff-dependent bare parameters gg(A) such that the
limit

Ophys = lim Op (95(A))

exists and is finite (or has a controlled asymptotic expansion) for the observables
of interest, then the refinement limit is defined by this prescription.

This statement is intentionally operational: it does not assume that the cutoff-
free object exists without tuning. It states that “physical theory” means a stable
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target under refinement.

It is often convenient to introduce a renormalization scale p (a reference resolu-
tion) and a renormalization map Rx_,, from bare to renormalized parameters:

9r(1) = Rasu(g(A)).

The composition viewpoint suggests a compatibility condition: renormalizing
from A down to p should be the same as renormalizing from A to an intermediate
scale x and then from x to w:

RA*}}L = RH*)M o RAsk-

This is the renormalization-group (RG) semigroup property in refinement lan-
guage; for a standard Wilsonian/ERG discussion of coarse-graining flows and
fixed points, see [Rosten2012ERG].

Derivation D6.0 (Control map \(\taul): comparing refinements at

fixed ruler). The same compatibility condition can be stated without
committing to a particular regulator. Fix a reference ruler h > 0 (the
resolution at which we compare predictions), and let Apy denote a family
of amplitudes/prediction functionals indexed by parameters 6 (couplings,
normalizations, and any fixed conventions such as scalarization gauge). For
a refinement factor b > 1, choose a “compare at ruler h” operation Cpp:
take a prediction written at finer ruler h/b and express it back at ruler h
(e.g. by composing fine steps or integrating intermediate variables when such
a representation exists). Scale compatibility is the closure requirement that
refinement-comparison lands back in the same family after a parameter update:

Con(Ansvo) = Anry(0)-

Here 7, is the control/flow map induced by the compare-at-fixed-ruler operation.
When no such 7, exists within the chosen parameter family, refinement generates
new operators and the family must be enlarged (counterterms/effective operators).
A concrete micro-witness is Derivation D6.2a, where step-halving induces
To(a) = a/2 + 1/4 with fixed point a, = 1/2. In the cutoff notation above, one
may view Ra_,, as a special case of 7 written with explicit reference scales.

8.3 RG Equation from Cutoff Independence

Derivation D6.1 (RG equation as consistency under refinement). As-
sume a regulated observable depends on the cutoff A both explicitly and through
the bare parameters gg(A):

Ophys = OA (gB (A)) 5
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and impose cutoff-independence of the physical prediction:

d
mOA (gB(A)> =0.
By the chain rule,
8OA dg%, (9OA

0

T 9lnA 4~ dlnA dgy’

where a ranges over the components of the parameter vector. Defining the beta
functions 8% (gg) = ddlgTB/v we obtain the RG equation:

0 " 9
(81nA +ZG:BB(QB)89%> Oa(gs) = 0.

In the p-parametrized form with renormalized parameters gg (), the same reason-
ing yields a flow equation p%gR(u) = B(gr) plus corresponding RG invariance
equations for renormalized observables. The key point for this manuscript is
structural: RG is not extra physics added after quantization; it is the consistency
condition that makes composed refinement meaningful when naive limits diverge.

Proposition P6.2 (Flow generator from refinement semigroup). Let
W« be the map sending effective parameters at scale A to effective parameters
at scale kK < A, and assume: 1. Wx_,p =id, 2. Wiy, 0 Wa,e = Wa,,, 3.
differentiability with respect to In A.

Then the infinitesimal generator defines beta functions:

a d a
B (g) = % We‘y,%p‘(g) t707

and finite scale changes are recovered by integrating this vector field on parameter
space. So RG flow is the differential form of composed refinement.

Derivation D6.2 (Toy logarithmic divergence and subtraction). Con-
sider a single-coupling situation with a logarithmic cutoff dependence in a
regulated prediction:

A
OalgB; 1) = 9B + cg m(u) +O(g3),

where c is a dimensionless constant determined by the model and by the chosen
renormalization convention. Define the renormalized coupling at scale u by a
renormalization condition gr(u) = O (gp(A); 1) which is held fixed as A — oo.
Cutoff-independence then enforces:
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0= o) = 12
T am AW T dmA

+ecgp + O(gh),

so Be(gB) = d‘il%BA = —cg% + O(g3). Equivalently, at fixed bare coupling one

finds the running with pu:

d
B(gr) = udi: =—cgh +O(gh),

illustrating how renormalization turns the divergent In A refinement effect into a
scale-dependent coupling consistent with stable observables.

8.4 Refinement Control Before QFT: Scale-Halving as a
Model

One can see the same logic in purely classical numerical refinement. Consider
an evolution operator ®. representing “one step” at resolution €. Composition
gives @y, = &, 0 &.. A refinement-control question is then: what correction to
®. makes the two-step composition agree with a one-step method after rescaling
back to the same reference resolution?

Derivation D6.2a (Step-halving induces a control map \(\tau\) in
a toy ODE). Consider the autonomous ODE ¢y = f(y) on R™ and a
one-parameter family of one-step maps at step size h,

o\ (y) =y + hf(y) + ab>f (y)[f(v)] + OR?).

Here f’(y) is the Jacobian (derivative), and f’(y)[v] denotes its action on an
increment v. Define the step-halving comparison H(®y) := ®},/50®p, /2. A direct
expansion to order h? gives

H(®)(y) =y + hf(y) + (i + ‘;) 2 () [ ()] + Oh).

Thus, within this ansatz family, refinement comparison closes by a parameter

update
a 1

H@) = &> +0(1%),  mla) =3+,
with fixed point a. = 1/2 (the second-order Taylor coefficient of the exact flow).
This is a clean micro-model for Derivation D6.0: 73 is the control map required
so that “refine and compare” lands back in the chosen family; failure of closure

forces enlarging the family (counterterms).

Derivation D6.2a-HO (Harmonic-oscillator witness for step-halving).
Apply the control-map construction to y” + y = 0 written as a sys-

tem with f(y,v) = (v,—y). The Jacobian is constant: f' = (%), so
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' (y,v)[f(y,v)] = (—y,—v) (the harmonic oscillator has f” = 0, making the
O(h3) analysis trivially clean).

The explicit Euler discrepancy is Ej s 0 Ej,jo — E, = (h*/4) f'[f], confirming
D6.2a. At the fixed point a, = 1/2, the parametric map becomes (y + hv —
h2y/2, v— hy — h?v/2), which matches the exact flow (y cos h+vsin h, vcosh —
ysinh) to order h?. The control map 7o(a) = a/2 + 1/4 drives any initial
discretization toward this second-order-accurate scheme under repeated halving
— exponential relaxation to the universal attractor, with rate 1/2 per doubling.

Remark D6.2a-sg (Semigroup law and beta function for general
refinement) . Replacing step-halving by a general b-fold refinement
(composing b copies of <I>£La/)b and reading off the O(h?) coefficient) gives

Tb(a)=%—|—b27bl, a, = 5 forall b> 0.

These maps satisfy the semigroup law 7, o 7. = Tp.. Setting b = 1 4+ € and
expanding yields the infinitesimal generator 8(a) = % — a, a linear flow with
universal attractor a, = 1/2. Thus the “RG semigroup” language invoked in
Heuristic H6.2 is not merely an analogy: the step-refinement control maps form
a one-parameter semigroup whose beta function, fixed point, and exponential

relaxation to universality are all explicit.

Remark D6.2al (Next discrepancy term and the next rooted tree in
Euler step-doubling). For the explicit Euler map Ej(y) :=y + hf(y) with
f € C?, expanding one order further gives

2 3
Buj20 Bya(y) — Buly) = W), 1) + O,
where f/(y)[v] denotes the Jacobian acting on a vector and f”(y)[v,w] is the
bilinear second derivative. In rooted-tree language, each monomial in the Taylor
expansion is an elementary differential labelled by a rooted tree: the leading
O(h?) term is the chain tree F([¢]) := f'(y)[f(y)], and the new O(h3) term is
the branch tree F([e,9]) := f"(y)[f(v), f(y)]. (The O(h?) contribution requires
f € C?; the O(h?) term only needs f € C1.)

Heuristic H6.2 (Rooted trees as refinement bookkeeping). In Runge-
Kutta and related integrators, the comparison between composed steps and a
single step organizes into rooted-tree expansions; the corresponding composition
law forms a group (the Butcher group). Interpreting “step-halving then rescaling
back” as a scale-update operation makes the analogy with RG bookkeeping
explicit, and rooted-tree/Hopf-algebra combinatorics also appears in perturbative
renormalization [Brouder1999] [McLachlan2017] [ConnesKreimer2000].

This example is included not to replace QFT renormalization, but to reinforce
the paper’s thesis with a clean model: renormalization is what you do when
“refine and compare” is not automatically stable. The Butcher group concerns

36



formal method composition, whereas Wilsonian coarse-graining is generally a
semigroup because information is discarded at each coarse-graining step. (A
companion satellite on rooted-tree bookkeeping develops the Butcher/RG dictio-
nary in full: explicit Hopf coproduct formulas for trees up to order 3, a 7-entry
correspondence table, a worked 2D delta RG example parallel to the midpoint
RK2 composition test, and a precise characterization of the group-vs-semigroup
structural distinction.) A structural gap remains between the toy model and full
RG: the beta function 3(a) = § — a of Remark D6.2a-sg is linear, so the RG
invariant is algebraic in the coupling and no new scale is generated. Dimensional
transmutation (Derivation D6.2, Section 8.3) requires a beta function of order
> 2 at the fixed point, producing an essential singularity A, ~ pe=1/(¢9) that is
non-analytic in the coupling. The semigroup axioms (Proposition P6.2) are
shared by both regimes; what separates them is the order of vanishing of 5 at
the fixed point. (For an exactly solvable coarse-graining model — Gaussian
integration as Schur complement — that makes the semigroup property and
non-invertibility of coarse-graining concretely visible, cf. Derivation RG-D1.7 in
the RG companion note.)

8.5 Counterterms as Refinement Corrections

In field theory language, refinement is implemented by a regulated action Sy
with cutoff-dependent parameters. Schematically,

Salp] = /de (Z(2A)(6¢)2 N m22(A)¢2 n /\El/!\)(bz; +) ’

where D is the spacetime dimension and the “---” stands for additional operators
allowed by symmetries and by the desired accuracy. The counterterm viewpoint
is simply the statement that Z, m?2, ), ... must be chosen as functions of A so
that the cutoff-stable limits of observables exist. In this compositional narrative,
counterterms are refinement corrections required to keep the “same theory” after
integrating out short scales.

Derivation D6.3 (Difference quotient as counterterm subtraction).
Let f € C! and € — 0F. The two regulated quantities f(x +¢)/ec and f(x)/e
each diverge like 1/e. Subtracting the local counterterm f(x)/e produces a
finite limit:

flate) [flx) _ flate) = f) 0 )

£ 3 3

This is a minimal model of renormalization: divergent regulated expressions
become finite after subtracting a divergence that depends only on local data,
and the renormalized quantity is the cutoff-stable remainder.

The Connes-Kreimer framework makes this consistency structural by encoding
perturbative renormalization as a factorization problem with a Hopf-algebra
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organization of divergences [ConnesKreimer2000]. For this manuscript, the take-
away is not the full machinery but the alignment: renormalization is a principled
method for producing regulator-independent predictions from composable local
pieces when refinement alone does not converge.

8.6 Assumptions and Boundaries Audit

Proposition P6.3 (Closure assumption for finite-parameter flow).
Finite-dimensional beta-function systems are closed only after choosing a
truncation/ansatz for allowed operators (or a complete effective basis). If new
operators are generated by refinement and omitted from the parameter vector,
the reduced flow is only approximate.

This caveat is essential for interpreting section 8 correctly: the RG equations
written here are exact at the level of the chosen variable set, but practical
truncations can make them approximate. The main thesis is unaffected: renor-
malization remains the rule that restores cross-scale consistency under composed
refinement.

Derivation D6.4 (Two-level truncation audit and a quantitative
stability window). Take a one-coupling flow with two truncation levels:

B)(9) = —bog?®, B (9) = —bog® — big®, bg > 0.
At fixed g, define the local truncation defect

_ |5(3) (g) - /3(2)(9)|
1Be2)(9)]

For a tolerance n € (0,1), requiring dg(g) < 7 yields an explicit stability window

by

bo

dp(g)

lgl-

bo
|g| < gmaX(n) =N

|b1|
Thus the truncation is quantitatively controlled only in the weak-coupling region
lg| < bo/|b1]; when |g| ~ bo/|b1], the neglected term is order-one and truncation
closure fails. This turns the qualitative caveat of Proposition P6.3 into a
concrete pass/fail criterion.

Remark D6.4a (Model-specific benchmark: \(\lambda\phi~4\) at omne
and two loops). For scalar A\¢* theory in D = 4 with Ly = A\¢*/4!, the MS
coefficients from Derivation D8.2a (one-loop by) and the standard two-loop
MS-bar result are

17

~ 0.019, by = ————— ~ —227x 1074

bo = 3(1672)2

3
1672

The D6.4 stability window becomes |\ < n - (14472/17) ~ 83.67. At 10%
tolerance (n = 0.1), the two-loop correction remains below 10% for |A| < 8.4,
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well inside the perturbative regime. At |A| ~ 84, the two-loop term is order-one
and the one-loop truncation is unreliable. This confirms that D6.4’s generic
criterion produces physically sensible bounds when instantiated on a concrete
model.

Remark H6.3 (Non-perturbative content recovery from the contact
expansion). The contact expansion Cy + Ca¢? + C4q* + - - - is a Taylor series
in ¢>/M?, where M is the mass of the integrated-out mediator. Its Taylor
coefficients are infrared data—measurable at low momentum transfer. The
non-perturbative content (poles, branch cuts, instanton-type singularities)
lies outside the convergence disk |¢?| < M? and is invisible to any finite
truncation. Yet this content can be recovered by controlled extrapolation
methods matched to the singularity type: (1) Poles (tree-level exchange):
For a Yukawa amplitude A(¢®) = ¢°/(¢* + M?), the [0/1] Padé approximant
of just the first two contact coefficients Cy = g2/M?, Cy = —g?/M* yields
Pos(q®) = Co/(1 = (C2/Co)g®) = ¢°/(¢* + M?) = A(¢*), recovering the full
amplitude exactly—including the pole at ¢> = —M?2, which sits outside the
Taylor convergence disk. Two low-energy observables (the scattering length
Cy and the effective-range ratio Cy/Cy = —1/M?) determine the UV mass
scale. (2) Branch cuts (loop-level): The vacuum polarization I1(¢?) has a
branch cut at ¢> = 4m? (pair-production threshold). The Taylor coefficients
below threshold determine the moments of the spectral function ImII(s) via
dispersion relations, and [N/N] Padé approximants place poles that accumulate
on the cut as N — oo (Montessus de Ballore). (3) Divergent series
(non-perturbative sectors): When Taylor coefficients grow as |a,| ~ nl,
the Borel transform B(t) = Y (a,/n!)t" has finite radius of convergence, and
Borel-Padé resummation recovers the full function including exponentially
suppressed contributions ~ e~4/9 from instanton saddle points. In each case,
the Taylor coefficients are the “local data” of the refinement-compatibility
framework (Section 10.3, Proposition P10.1), and the reconstruction method
is the “control map” 7 that accesses global structure from local input. The
hierarchy of methods—algebraic rational approximation for poles, integral
reconstruction for cuts, Borel resummation for essential singularities—mirrors
the hierarchy of singularity types in the analytic continuation, and each
method requires its own control hypotheses (meromorphy, dispersion-relation
analyticity, Borel summability). The contact expansion thus determines the
non-perturbative content, not despite being perturbative, but because analyticity
and crossing symmetry (the consistency conditions behind RCP) constrain
the global structure once the local data is given. This is the inverse of the
contact-decoupling process: UV physics collapses into contact coefficients as
M — o0; conversely, the contact coefficients can be used to reconstruct the UV
physics by controlled extrapolation.

Transition to Section 9: we now have the full chain Newtonian refinement —
action additivity — path-integral composition — deformation compatibility —
renormalized refinement control. The final synthesis section stress-tests the
transitions, labels what remains heuristic, and consolidates the manuscript into
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a single coherent argument.

9. Unified Perspective and Open Problems
9.1 End-to-End Claim Graph

The manuscript has built one chain across seven technical steps: 1. Section 3:
refinement geometry in central-force motion yields an exact finite-step invariant
(equal areas / angular momentum preservation). 2. Section 4: action stationarity
and Noether symmetry express the same invariant in variational language. 3.
Section 5: weak/distributional formulation extends stationarity to singular limits
(mollifiers, corners, impulses) with explicit admissibility boundaries. 4. Section
6: composition under slicing plus additive action yields exponential weighting
and stationary-phase classical recovery. 5. Section 7: ordering ambiguity is
recast as deformation-equivalence data with a shared Poisson classical limit. 6.
Section 8: divergent refinement is controlled by renormalization maps and RG
semigroup consistency (Remark D6.2a-sg gives the explicit semigroup law and
beta function in a toy model).

Remark P7.1a (Compact compatibility map for navigation). The same
chain can be read as three linked tracks, each with explicit witnesses: 1.
Partition track: DI1.1-D1.2 — D21 — D3.1 — D4.1/D4.1a — P4.2
— D6.5. 2. Representation track: D4.1b — D5.1 — D9.1/(Remark
D9.1a)/D9.1b/D9.1d/D9.1e/D9.1h/D9.1i/D9.1k. 3. Scale track: D6.0-D6.2 —
(Remark D6.2a-sg)/D6.4/D6.4b/D6.6 — D8.1-D8.2 — D11.2-D11.3. Each arrow
is a compatibility bridge, not a change of subject. This compact map is the
textual counterpart of the diagram requested in Section 9.5.

The unifying thesis is therefore not “classical then quantum then QFT” as dis-
connected layers, but “one refinement/composition problem under progressively
stricter consistency requirements.”

Proposition P7.1 (Compatibility chain of limits). Under the regular-
ity and admissibility assumptions stated in sections 3-8, the following compati-
bility conditions can be imposed simultaneously:

0S[g;n] =0 <= Euler-Lagrange in weak form,
K~ /Dq eSla/h — B — 0 concentrates on 65 = 0,

lm = (f,l, = (fog), (@a+5:0,) 00 =0.
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These equations are not identical statements; they are compatibility constraints
on one staged construction: classical extremals, quantum composition, algebraic
deformation, and scale consistency must match in their overlap domains.

9.2 Transition Stress Test

Derivation D7.1 (No hidden leap audit across transitions). The
manuscript can be stress-tested by checking each transition against one explicit
closure condition:

1.

Section 3 -> Section 4 closure: finite-step angular momentum invari-
ance and variational Noether charge agree through A = =2

Sk, This closes
the geometry-to-variational bridge.

. Section 4 -> Section 5 closure: Euler-Lagrange equations in classical

smooth form imply weak distributional form when tested against C°,
and mollifier localization recovers pointwise equations under continuity
assumptions. This closes smooth-to-weak extension.

. Section 5 -> Section 6 closure: the admissible classical set in semiclas-

sics includes smooth and piecewise-smooth trajectories satisfying matching
laws [9;£]T = 0 (corner) or = J (impulse). The composition integral
Jda K (qr.ts;q, tmia) K (q, tmid; ¢, t;) sums over all intermediate configu-
rations ¢, and for short-time kernels with saddle-point evaluation, the
stationary-phase condition at the junction recovers exactly the Weierstrass—
Erdmann corner law [93£]T = 0. A concrete witness (Derivation D6.5): a
free particle receiving an instantaneous kick J at t.,;q satisfies the impulse
law and contributes correctly to K(qf,t¢;q;,t;) via the intermediate inte-
gral (the saddle point shifts by the momentum transfer). The bridge is thus
closed at the variational level; kernel-level closure for general piecewise-
smooth paths in the full (non-saddle-point) measure remains a formal
identification.

. Section 6 -> Section 7 closure: discretization/ordering freedom in

short-time kernels maps to star-product representatives that share the
same Poisson boundary at & — 0. This closes path-integral ambiguity into
deformation language.

. Section 7 -> Section 8 closure: deformation handles classical/quantum

compatibility at fixed scale; renormalization handles cross-scale consistency
when refinement diverges. This closes fixed-scale quantization into multi-
scale consistency.

The audit criterion is simple: every bridge states its assumptions and carries an
explicit invariant or equation through the transition. Where this fails, the claim
is downgraded to heuristic.
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9.3 What Is Proven vs Heuristic

For navigation, Sections 3-8 contain the following mix of results and bridges:

1. Section 3: polygonal central-impulse refinement preserves angular momen-
tum and equal areas at finite step. (Proposition, Derivation) Boundary:
central impulses and consistent refinement limit.

2. Section 4: Euler-Lagrange plus Noether recover angular-momentum and
energy invariants. (Derivation, Proposition) Boundary: C? trajectory
regularity and standard variational hypotheses.

3. Section 5: weak Euler—Lagrange, mollifier probes, and jump laws for
corners/impulses. (Proposition, Derivation) Boundary: distribution
linearity and no undefined nonlinear products.

4. Section 6: composition plus additivity imply exponential weighting; sta-
tionary phase yields classical recovery. The formal continuum-limit passage
(§6.4, Heuristic H4.2a) is explicitly labeled as heuristic; the surrounding
Derivations (D4.2, D4.2a) are labeled as such. (mixed: Proposition,
Derivation, Heuristic) Boundary: formal path-integral usage and local
stationary-phase assumptions.

5. Section 7: deformation products recover the Poisson bracket; ordering
appears as deformation-equivalence choice. A complementary geometric
resolution exists: half-density conjugation Ay = |g|*/*(—A,)|g|~*/* pro-
vides a canonical representative within the deformation-equivalence class.
On flat space, this agrees with Weyl ordering on the principal symbol
and connection (first-derivative) terms, differing only in an O(h?) scalar
potential (Remark D9.1a, Remark P5.2a). On curved manifolds, the half-
density conjugation additionally modifies the connection via a drift term,
producing the DeWitt curvature coupling R/6 at each Riemann normal
coordinate center (on general curved manifolds Vygp is position-dependent;
Remark D9.1n) rather than the Weyl/Stratonovich value R/8 (Remark
D4.1e, Remark D9.1p). Crucially, the conjugation A/, is unitarily equiv-
alent to —A, and therefore spectrally identical to the bare Laplacian;
the genuine ordering ambiguity lives in the shifted operator —A, 4 Vap,
which has a distinct spectrum (Remark D9.1q). (mixed: Proposition,
Derivation, Heuristic) Boundary: formal/asymptotic deformation set-
ting and scope of equivalence; curved-manifold scope for connection-level
differences.

6. Section 8: RG appears as semigroup consistency under composed
refinement; counterterms appear as refinement corrections. (mixed:
Proposition, Derivation, Heuristic) Boundary: closure/truncation
assumptions and regulator-scheme choice.

Remark (D=4 scope boundary). The framework does not select D = 4 as
the unique spacetime dimension from first principles. Several independent
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observations each have (D—4) = 0 as a root by different algebraic mechanisms:
conformal Laplacian simplification (H4.0b), gauge-coupling marginality (H4.0c),
constant spectral shift on S3 (Proposition D9.1i), and conformal heat-kernel
flatness (Remark D9.1q). These are structural coincidences at the algebraic level,
not a derivation of D = 4 from the composition axioms. The paper reports them
as independent data points, not as evidence that the framework privileges four
dimensions.

Heuristic H7.1 (Programmatic interpretation). The Newton-to-path-
integral narrative is best read as a compatibility program rather than a single
theorem: each layer adds new consistency constraints while preserving prior
invariants in its domain of validity.

9.4 Residual Vulnerabilities

1. The path integral remains formal at full measure-theoretic level; construc-
tive control is not provided here. Minimal closure target: exhibit one
explicit regulated kernel family K. with a proved composition law and a
controlled € — 0 statement in a nontrivial model. Status: Partially ad-
dressed. Appendix 10.6 provides the regulated Gaussian family (D12.1: ex-
act composition with additive regulator; P12.1: controlled € — 0 limit recov-
ering the heat-kernel semigroup), a first-order bounded-potential extension
(D12.2: O(V) composition closure), quantitative operator-norm bounds
(P12.2), and an explicit failure mode for singular potentials (D12.2a). These
witnesses cover only the free Gaussian and first-order bounded-potential
regimes; non-Gaussian, non-perturbative path-space constructions (i.e.,
the content of constructive quantum field theory) remain fully open.

2. Deformation equivalence is stated at the structural level; explicit model-
by-model operator-domain analysis is partially addressed. Current status:
one position-dependent-mass model (f(¢) = 1 + aq? in a harmonic trap)
has been carried through Weyl and half-density quantizations with ex-
plicit O(h?) mismatch term and quantitative energy-shift estimate (Remark
D9.1a, Remark P5.2a). Curved-manifold case: Proposition D9.1h pro-
vides an explicit spectral comparison on S?; Proposition D9.1i extends
to S (spectral shift constant —1, unique among S%; Vip itself is constant
only in left-invariant coordinates); Proposition D9.1k covers the non-
compact case H? (McKean spectral gap recovered by half-density ordering).
Status: substantially addressed. Full extension to non-diagonal metrics
and domain analysis remains open.

3. RG flow is derived structurally; explicit computations are now provided at
both the quantum-mechanical level (2D contact interaction, Appendix 10.5:
D11.1-D11.3) and the field-theory level (A¢* one-loop beta function in D =
4 — 2¢, Appendix 10.1: D8.2a). Status: CLOSED. The minimal closure
target (one fixed-scheme one-loop QFT computation with subtraction, beta
function, and scheme change in manuscript conventions) is met by D8.2a.

4. Truncation closure in section 8 is identified but not benchmarked by an
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explicit truncation-error study. Minimal closure target: compare at least
two truncation levels on the same model and report an observable-level
stability window. Status: CLOSED. Derivation D6.4 provides a two-
level truncation audit (f(2) vs f(3)) with a quantitative stability window
lg] < nbo/|b1|. Remark D6.4a instantiates this on A¢? at one and two loops,
giving |A| < 8.4 at 10% tolerance — a concrete model-specific benchmark
meeting the stated closure target.

Vulnerability 1 is partially addressed by Appendix 10.6 (explicit Gaussian and
first-order witnesses; full constructive control remains open); Vulnerability 3
is closed by Appendix 10.1. Vulnerability 2 is substantially addressed by the
S2, 83, and H? spectral witnesses (P D9.1h, P D9.1i, P D9.1k); Vulnerability
4 is closed by D6.4 + Remark D6.4a (quantitative truncation defect criterion
with model-specific A¢* benchmark). All four are honest scope boundaries, not
hidden defects: each is paired with a concrete witness (existing or prospective)
that would close it.

9.5 Future Work (Task-Driven Revision Queue; Editorial
Package Labels)

To keep the manuscript evolving by derivation rather than by incremental
wording changes, future edits should be organized as concrete work packages:

1. Package A (Path-space control witness). Deliverable: one subsection
with a regulated family K., its composition identity, and a limit statement.
Pass criterion: at least one numbered statement with assumptions and
one explicit failure mode when assumptions are dropped. Current status:
Appendix 10.6 now contains free-kernel exact composition, first-order
bounded-potential witness, quantitative L~ \infty control, and an exact
nontrivial solvable kernel benchmark (D12.1, P12.1,D12.2 P12.2 D12.3);
full constructive path-space control remains open.

2. Package B (Ordering/domain benchmark). Deliverable: one
appendix-level model comparing two orderings plus half-density conjuga-
tion. Pass criterion: explicit operator difference through O(k) and a clear
statement of domain/equivalence boundaries. Current status: Appendix
10.2 now includes periodic/curved symmetry benchmarks, one explicit
self-adjoint extension witness (D9.1b, D9.1d, D9.1le, D9.1f), explicit
curved-manifold spectral comparisons (Proposition D9.1h, Proposition
D9.1i, Proposition D9.1k), and a four-layer stratification of ordering
differences with quantitative observability estimates (Remark D9.1a); full
extension classification remains open.

3. Package C (QFT-level RG witness). Deliverable: one-loop running in
a fixed subtraction scheme using manuscript conventions. Pass criterion:
explicit B(g), one scheme-change computation, and direct mapping to scale
compatibility in Section 8. Current status: SUBSTANTIALLY COM-
PLETE. Appendix 10.1 contains the generic single-coupling template
(D8.1, D8.2, P8.1) plus an explicit QFT-level witness (D8.2a: A¢* one-loop
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beta function in D =4 — 2¢). Appendix 10.5 provides the full 2D contact-
interaction computation (D11.1-D11.3: cutoff loop, renormalized coupling,
beta function, dimensional transmutation, scheme dependence). The Wilso-
nian shell-integration route making semigroup composition directly visible
is available in the RG-fundamental companion note (Derivation RG-D1.2a);
a forward reference appears in Appendix 10.5 (line after D11.2).

4. Package D (Truncation error audit). Deliverable: side-by-side flows
for two truncation levels with at least one observable comparison. Pass
criterion: a quantitative stability region and one explicit breakdown regime.
Current status: COMPLETE. D6.4 provides the generic two-level trunca-
tion criterion with stability window |g| < nbo/|b1|; Remark D6.4a instan-
tiates this on A¢* at one and two loops, giving a concrete model-specific
benchmark.

5. Package E (Reader-map consolidation). Deliverable: one compact
compatibility diagram linking Sections 3-8 and Appendices 10.1-10.6.
Pass criterion: every arrow references at least one numbered proposi-
tion/derivation in the text.

A practical rule follows: additions that do not advance at least one package
should be deferred, so revision effort remains concentrated on technical closure
rather than bookkeeping edits. These package labels are editorial planning
tags only, not theorem/claim labels. Quick navigation pointer: Appendix 10.1
primarily advances Package C/D; Appendix 10.2 primarily advances Package
B; Appendix 10.6 primarily advances Package A; Section 9.1 + Appendix 10.3
support Package E.

9.6 Conclusion

The paper’s central thesis is that “continuum laws” are most cleanly under-
stood as stable targets of controlled refinement: finite-step invariants (Newton’s
polygonal dynamics) persist through the action formulation, and action addi-
tivity is the algebraic structure that forces a consistent composition law. In
the quantum setting, multiplicative composition together with local additivity
makes exponential weighting structurally natural, and classical dynamics are
recovered by stationary-phase concentration. Two further control mechanisms
enter when naive refinement is not uniquely defined: deformation quantization
organizes ordering/discretization choices into equivalence classes compatible
with a common classical limit, and renormalization supplies the compatibility
condition required when refinement limits diverge.

Throughout, the manuscript keeps refinement explicit, separates derivations from
heuristics, and highlights the additional hypotheses needed for each continuum
passage. (A companion satellite on the Refinement Compatibility Principle for-
malizes this unifying idea as an explicit axiom system — five axioms (composition,
identity, representation equivalence, scale invariance, dimensional homogeneity)
organized into three channels (partition, representation, scale) — with worked
witnesses at each channel and a multi-channel synthesis showing how the path
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integral realizes all three simultaneously.)

Remark P9.1 (Forced-completion chain and structure vs content).
The narrative admits a sharper reading as a chain of forced completions: each
stage is the minimum enrichment of the composition law needed for consistency
at the next level of complexity. Stage 0—1: limits of finite differences yield
derivatives (calculus). Stage 1—2: temporal composition of propagators forces
Gaussian kernels, d/2 normalization, and x = % (Proposition P4.2; composition
alone suffices as the single master axiom, Remark P4.2h). Stage 2—3: per-mode
quantization plus infinite-mode assembly via renormalization yield field theory
(Sections 6 and 8). Each transition is a derivation (or, for stage 2—3, a
structural argument) from the previous stage’s composition requirement, not a
postulate. A clean separation emerges: composition constrains structure (kernel
form, normalization exponent, exponential weight) but not content (which
interaction Lagrangian); content selection enters only at the renormalization
level, where the assembly condition filters admissible theories.

Conversely, every known departure from the compositional framework has a
structural explanation: open systems (incomplete boundary data), measure-
ment (subsystem tracing violates global composition), anomalies (symmetry—
composition conflict), and UV divergence (infinite-mode assembly failure). Three
of these four categories correspond to the limit obstructions of Heuristic H0.2 —
anomalies to non-uniqueness, UV divergence to divergence, and measurement to
singular-probe incompleteness — reappearing at progressively higher levels of
the compositional hierarchy. Open systems constitute an additional category not
contained in HO.2, reflecting incomplete specification of boundary data rather
than a limit-control problem per se.

Remark P9.la (Stage 4: composition over dynamical geometry). The
forced-completion chain 0—1—2—3 does not obviously terminate at QFT.
When gravity is dynamical, the composition integral must sum over spatial-slice
geometries themselves, and the notion “t = t + t” that composition (hypothesis
(C) of Proposition P4.2; axiom Al of [RCPFoundations]) presupposes becomes
gauge-dependent under general covariance. This is qualitatively different
from stages 1-3, which fix divergences of an existing composition integral:
stage 4 challenges the domain of the integral (what is “the spatial slice”?),
not just the integrand. A completion would require defining composition at
the cobordism level — without a preferred temporal foliation — and current
candidates (asymptotic safety, holographic boundary composition, worldsheet
methods) each propose different resolutions, none yet derived from a single
composition principle. At the categorical level, stages 1-3 are realised in a
1-groupoid (the pair groupoid G = M x M, where intermediate points are
uniquely determined), whereas stage 4 requires at minimum an (oo, 1)-category
(the cobordism category Cob, where intermediate 3-geometries are not unique —
each foliation of a 4-cobordism gives a different factorization, and these foliations
form the 2-morphisms). The forced-completion principle at the cobordism level
is precisely the requirement that Z: Cob — Hilb be a symmetric monoidal
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functor — Atiyah’s axiom system for TQFT. In topological theories (d = 2+1
gravity, BF theory), this completion is achievable; in physical 34+1 gravity
with local degrees of freedom, it is not — which is why the chain branches
rather than extending linearly. For local-degree-of-freedom gravity, this branch
may terminate unless a concrete framework derives a background-independent
analog of (C) + (I) + (D); until then, the Stage 4 continuation should be
read as analogy-level rather than theorem-level. Conversely, the classical limit
k — 0 is singular (Proposition P4.2(iii)), consistent with the interpretation that
it attempts to undo a forced completion: composition requires finite x, and
removing it collapses the semigroup to Hamilton—-Jacobi extremization, which
generically lacks an identity limit.

Remark P9.1a-Cob (Cobordism hypothesis as Stage 4 uniqueness).
The Baez—Dolan—Lurie cobordism hypothesis (Lurie 2009, arXiv:0905.0465)
makes Stage 4 uniqueness precise for topological theories: a symmetric
monoidal functor Z: Bordﬁf — C is uniquely determined (up to equivalence) by
Z(point) € C™, the fully dualizable objects of C. This is the Stage 4 analog
of P4.2’s uniqueness at Stages 1-2: just as (C)+(D)+(I) uniquely determine
k = h in the partition channel, monoidal functoriality on bordisms uniquely
determines the TQFT from its value at a point. The topological restriction
is essential: non-topological QFTs with running couplings require additional
structure beyond the cobordism hypothesis.

Remark P9.1b (Stage 3 analog: CFT sewing forces c/24). An explicit
Stage 3 instance of the composition-forcing pattern exists in conformal field theory.
Segal’s sewing axiom requires K (1 + 72) = Kx(71) - Kx(72) for conformal-block
amplitudes indexed by primary operators A, where 7 is the modular parame-
ter. The Cauchy functional equation forces Ky(q) = ¢®* with ¢ = *™7. The
Weyl anomaly of the path-integral measure under conformal rescaling then fixes
ay = Ay —c/24, where A is the scaling dimension and ¢ the central charge. The
normalization exponent ¢/24 is forced by composition plus the Virasoro algebra
structure, just as d/2 is forced by composition plus dimensional homogeneity
at stages 1-2. The central charge c itself is not forced (it specifies the theory,
i.e. content); but given any ¢, the vacuum energy —c/24 is a structural output.
Modular invariance Z(7) = Z(—1/7) is an additional constraint on the operator
spectrum (content), not on the form of K. This makes the d/2 — ¢/24 corre-
spondence a genuine inter-stage pattern: normalization exponents are forced by
composition at every categorical level. The Zamolodchikov ¢-theorem (¢ mono-
tone decreasing under 2D RG flow, 1986) is an independent physical constraint
orthogonal to the composition-forcing structure: composition determines ¢/24
given ¢ within a fixed CFT, while the c-theorem constrains how ¢ varies between
CF'Ts at different energy scales.

Remark P9.1b-Q1d (Stage 3.5: Verlinde fusion forces level quantization).
The Verlinde formula provides an intermediate forcing step between Stages 3
and 4. Segal sewing (Stage 3 composition) combined with modular covariance
of characters x(7) under SL(2,Z) forces conformal dimensions to be rational.
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Imposing additionally that fusion multiplicities N]ij € Z>o (non-negativity,
which requires the vacuum normalization convention |||0)|| = 1, a choice parallel
to the identity limit (I) of P4.2) forces the Chern-Simons level k € Z>(. The
mechanism: quantum dimension dim,(j) = sin((j + 1)7/(k + 2))/ sin(w/(k + 2))
vanishes at j = k + 1 (null representation, Kac-Walton truncation), forcing
the primary-field spectrum to the finite set j = 0, %, ceey g, which is equivalent
to k € Z>o. Two independent derivations confirm this: (a) algebraic, via
modular-S-matrix positivity in the Verlinde formula [Verlindel1988]; (b)
topological, via the 2w-periodicity of the Wess-Zumino term under gauge
transformations (m3(G) = Z for simple G) DNitten1989], forcing k € Z. The
full deformation parameter goa = e2m/(k+97) is not forced at Stage 3.5: the
dual Coxeter number gV arises from the conformal dimension of the adjoint
representation huq; = gV /2(k + ¢g¥), which is group-theoretic dynamical content.
The forcing chain thus has a precise intermediate step: Stage 3.5 forces the level
k € Z from Verlinde fusion-algebra consistency; Stage 4 forces the quantum
group parameter gqog from cobordism unitarity and semisimplicity (Remark

P9.2 below, [ReshetikhinTuraev1991]).

Remark P9.2 (g-Deformed forcing at Stage 4). The forcing pattern of
P4.2 has a Stage 4 analog in Chern-Simons theory. For a 3D topological
field theory with gauge group G, the requirement that the sewing law (Atiyah
composition on 3-manifolds) extend to a unitary, normalized symmetric monoidal
functor Z: Bords — Vect forces the deformation parameter to ¢ = eQ”i/(k+gv),
where k € Z>( is the level and ¢V is the dual Coxeter number of G [Reshetikhin-
Turaev1991]. The parallel with P4.2 is structural: at Stage 2, (C)+(D)+(I)
forces f in the partition channel; at Stage 4, cobordism composition + unitarity +
normalization forces ¢ in the representation channel. In both cases, composition
alone is insufficient — the additional constraint (dimensional homogeneity at
Stage 2; unitarity and semisimplicity at Stage 4) is required. The deformation
parameter ¢ is not forced at the path-integral level (Stage 2) by any g-deformed
analog of (C): the coassociativity of U,(g) holds for all ¢ € C*, with no selection
mechanism.

Remark P9.3 (Arithmetic rigidity progression of the forcing

chain). The four forcing stages, traced along the Segal-sewing/cobordism
channel, exhibit a progression toward greater arithmetic rigidity in their forced
constants. Stage 2 (P4.2) forces kK = i € Ry (positive real, via dimensional
homogeneity (D)): the forced constant has no torsion. Stage 3 (P9.1b) forces
¢/24 € Q (rational, given ¢ € Q, via modular closure of SL(2,Z)): the
forced constant is rational. Stage 3.5 (Remark P9.1b-Q1d) forces k € Zxg
(non-negative integer, via Verlinde fusion non-negativity and 73(G) = Z): the
forced constant is integral. Stage 4 (P9.2, [ReshetikhinTuraev1991]) forces
q = ¥/ (t9") ¢yt v (primitive root of unity, via surgery finiteness of
the modular tensor category): the forced constant is torsion in C*. FEach
stage adds a finiteness axiom driving the forced constant toward the torsion
subgroup of C*: the chain Ry — Q — Z — puxn mirrors the filtration of
C* = Ry x S! by arithmetic complexity. The progression is specific to
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composition in the sewing channel; other composition-forcing mechanisms at
Stage 3, such as conformal-bootstrap associativity, produce generically irrational
forced constants (e.g., 3D Ising A, = 0.518 [ElShowk2014]), so the arithmetic
rigidity pattern is not universal across all forcing channels. Accordingly, the
ladder Ry — Q — Z — pn is an a posteriori pattern for this channel, not
a theorem covering all Stage-3 forcings. Stages 2 and 4 together determine
both components of the quantum group deformation parameter: P4.2 fixes the
norm |k| = h € Ry ; the RT theorem fixes the phase arg(q) = 27/(k + gV) to
a torsion element. The partition functions of the associated TQFTs satisfy
Z(M?) € Z[¢y, N7, N =k + gV, reflecting the cyclotomic integrality of Stage
4 [Murakamil995] [Habiro2008]. The forcing mechanism at Stage 2 rests on the
Stone—von Neumann uniqueness theorem for irreducible representations of the
Heisenberg algebra; at higher stages, where unitarily inequivalent representations
proliferate (Haag’s theorem), each additional finiteness axiom serves as a partial
substitute for uniqueness, applicable only within a narrower class of theories.
The restriction at each stage to theories admitting such a classification theorem
(rational CFTs at Stage~3, integrable representations at Stage~3.5, modular
tensor categories at Stage~4) is therefore not a selection bias in the forcing
chain but an intrinsic consequence: composition can determine a specific forced
constant only within a class of theories where a uniqueness or finiteness theorem
is available.

10. Technical Appendices

This section provides the appendices announced at the end of Section 9. Each
subsection is a compact worked extension tied to one residual vulnerability.

10.1 Worked Renormalization Template (Single Coupling)

The objective is to replace purely structural RG language with one explicit
subtraction-and-running calculation.

Assume a regulated quantity has the perturbative form

A
Fa(gsip) = 9B + cgp ln<ﬂ) +dgp + O(gh),

with dimensionless constants ¢, d. Define a renormalized coupling by a subtraction
condition at scale pu:

A
gr(1) =g +cgp ln<ﬂ) :

Derivation D8.1 (Finite renormalized prediction at fixed subtraction
scale). Invert the definition to second order:
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A
9B =9r — Cgh 1n(u> +0(g%)-
Substitute into F:

Fp =gr+dgh +O(g3),

so the explicit logarithmic cutoff dependence cancels at this order. This is the
concrete implementation of the Section 8 rule: tune bare data so predictions at
reference scale remain stable.

Derivation D8.2 (Running from cutoff-independence). At fixed bare cou-
pling gp, differentiating the renormalization condition gives

HT = —cg%+0(g%) = B(gr)-

This turns divergent cutoff dependence into controlled scale dependence.

Proposition P8.1 (Leading beta coefficient under analytic scheme
change). For a reparametrization ¢, = gr + ag]z% + O(gi’%), the leading
coefficient of 5 is unchanged:

B'(gR) = —cgi” + O(gR).

So scheme changes shift higher-order terms while preserving the first nontrivial
flow coefficient in this template.

Derivation D8.2a (One-loop QFT witness in fixed scheme: \(\lambda\phi~4\)
near four dimensions). To make Section 8’s structural RG statements
explicit at QFT level, consider scalar A¢* theory in D = 4 — 2¢, with
minimal-subtraction-style parametrization

5 ¥
1672 ¢

Ap = pu* </\R+ +O(A§’%)>.

Here the interaction convention is Liny = Ag¢*/4!, which fixes the one-loop
coefficient 3/(1672). Holding Ap fixed and differentiating with respect to In
gives

_ e _ 3 52 3
B(\g) = p = 2e AR + 167T2>\R+0(>\R)-
At D=4 (e —0):
3 1 1 3 H
BOR) = 752 AR+ O0R). Ae(1)  Ar(uo) 1672 o Hotn)
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This is the field-theory analogue of Derivation D6.2: logarithmic refinement
dependence is traded for controlled scale running in a fixed subtraction convention.
Under an analytic scheme change N = Ag+ad%+0()\%), the coefficient 3/(1672)
is unchanged at this order, matching Proposition P8.1.

10.2 Ordering/Discretization Pair with Same Classical Limit

This appendix gives an explicit example of the Section 6/Section 7 claim that
discretization choice changes O(%) terms while preserving classical dynamics.

Take the classical symbol A(q,p) = f(q)p, with smooth f. Consider two quan-
tizations: 1. Left ordering: Qr(A) = f(§)p. 2. Weyl (symmetric) ordering:
Qw(A) = 5 (f(@)p+pf(4)-

Using [p, f(q)] = —ihf'(§):

ih . ih o,
5@ =Qu(4) — - (@)

2 2

Derivation D9.1 (Classical agreement, quantum shift). The difference
operator is O(h):

Qw(4) — Qu4) =~ /(@)

Therefore

lim (Qw(A4) —QL(4)) =0

h—0

in the formal classical limit, while quantum generators differ at subleading order.

Remark D9.la (Quadratic symbols and half-density resolution). For
the quadratic symbol A(q,p) = f(q)p* (e.g. kinetic energy with position-
dependent mass f = 1/m), the same comparison yields

Qw (fp*) = Qr(fp*) = —ihf'(§)p — 31*f" ().

The correction now has two layers: an O(h) first-order differential operator
and an O(h?) potential. In particular, different orderings of p?/m(q) disagree
in the coefficient of the first-derivative term iA(m’/m?)p. The half-density
conjugation |g|'/*A,|g|~/* does not eliminate the first-derivative (connection)
term: both the Weyl prescription and the half-density prescription share the
same connection term f’d, (as required by formal self-adjointness on L*(R, dq)).
They differ only at the next layer: the O(h?) scalar potential, with Hy — Hyp =
—h2f"?/(32mf) (a purely multiplicative operator, no derivatives). This supports
a four-layer stratification of ordering differences: (1) principal symbol — all
prescriptions agree; (2) connection (first-derivative) — fixed by self-adjointness,
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independent of ordering; (3) scalar O(h?) — genuine deformation freedom persists;
(4) operator domain — independent. The half-density prescription is a canonical
representative within the deformation equivalence class (like Lorenz gauge), not
a different physics. Explicit energy-shift estimates for position-dependent mass
f(q) = 14+ ag? in a harmonic trap show |AFEy| ~ O(a?), with the first-order shift
vanishing identically and the leading correction unmeasurably small (~ 0.01-
0.06 meV for GaAs quantum wells, below current resolution thresholds). This
confirms that deformation equivalence (Proposition P5.2) is physical, not merely
formal (cf. Derivation HD-D1.3 in the half-density companion note).

Derivation D9.1b (Periodic-domain symmetry witness for \(Q_L\) vs

\(Q_W\)). Take configuration space S! with coordinate ¢ € [0, 2n), Hilbert
space L?(S',dg), and periodic Sobolev domain H} (S'). Let f € C*(S',R).
Define

Q=i j@o,  Qw=—-in(F@0, + 37 @).

For u,v € H!, (S'), integration by parts with periodic boundary cancellation

per
gives
27

(u, Qo) — (Qru,v) = ih / (@) f'(a) vlq) da,

0

while for the Weyl representative the extra % f! terms cancel:

(u, Qwv) — (Qwu,v) = 0.

Hence Qw is symmetric on H}_.(S*) for real f, whereas Qr, is symmetric only for
f' = 0. This is an explicit operator-domain boundary behind the O(k) ordering
difference of Derivation D9.1.

Remark D9.1c (Scope boundary for domain claims). The witness above
establishes symmetry on the stated periodic domain; it does not claim essen-
tial self-adjointness or classify self-adjoint extensions in singular/degenerate-
coefficient cases.

Derivation D9.1d (Curved-manifold kinetic benchmark via half-density
conjugation). Let (M, g) be a compact Riemannian manifold without bound-
ary. Write dvol, = |g|*/2dz in a local chart z, and define

U : L*(M,dvoly) — L*(M,dz),  (U)(x) = |g(x)|"/*9(x).
The Laplace-Beltrami kinetic operator
H. = 7E2A A = lgl=128. (1911 26" 5,
g 9 g g — |g| 1 |g| g J )

is symmetric on H2(M, dvol,). Conjugating by U gives

~ ﬁ2
H,:=UH,U = —5 lg| /A, g~/
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on domain U(H?(M,dvoly)) C L?*(M,dx), and symmetry is preserved by uni-
tarity: _ _
(u, Hyv) gz = <U_1u,HgU_1v>dVO1g = (Hyu, v) 4y

This gives a curved-manifold, operator-domain witness that the half-density
prescription is not a cosmetic rewrite: it is the symmetry-preserving transport
of the geometric kinetic operator.

Derivation D9.le (Naive left kinetic operator fails symmetry in
generic charts). On the same chart domain (with boundary terms suppressed
by compactness/periodicity), define the left-ordered principal-symbol operator

hQ

HL = 2

9" (2)0;9;.
For smooth w, v, repeated integration by parts yields

(u, Hyo)ar — (Hpwo)ae = [ da (@ig)(@dyo — @51) )

Hence Hj is symmetric only under extra coordinate/coefficient constraints
(e.g. 9;g” = 0 in the chosen chart). In general curved coordinates, left order-
ing breaks symmetry while the half-density-conjugated Laplace-Beltrami form
remains symmetric by construction (Derivation D9.1d).

Proposition D9.1h (Curved-manifold ordering witness: spectral
comparison on \(S°2\)). On the unit sphere S? with coordinates (6, ¢) and
metric g = df? + sin?0 dp?, define on L%(d6 dg):

1

Hp=-0; — —5 fs» H= 91" (= Ag)|g|™H* = Hp, + Vi,
sin“6
where Vip () = —1 — 75525~ Then: 1. Both operators are essentially self-adjoint

on C>(S2) (compact, no boundary). 2. H has eigenfunctions (sin 6)'/2Y,™ with
eigenvalues [(I+1), reproducing the Laplace-Beltrami spectrum. 3. The spectra
differ: Spec(H) = {I(I+1) : I > 0} while Spec(H) D {n?: n > 1}, with shift
—(I+1) growing linearly in [. 4. The ordering difference is a pure Layer-3 scalar
potential Vip; no Layer-4 domain freedom appears.

This is the first Appendix 10.2 witness with an explicit spectral comparison on a
curved manifold. The connection term cot 6 0y of Ay is traded for the scalar Vip,
demonstrating concretely the mechanism described abstractly in Derivation
D9.1d.

Proposition D9.1i (Curved-manifold ordering witness: spectral
comparison on \(8°3\)). On the unit 3-sphere S® = SU(2) with hyperspheri-
cal coordinates (x,0,®) and metric ds? = dx? + sin?y (d6? + sin?0 d¢?), define
on L?(dx df de):

9 1

1 ~ _
(89 + 20 5§)a H= |9|1/4(_Ag)|9| V4 = Hp, + Vi,

sin?y sin

Hy = -0} —
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where Vup(x,0) = -1 — 45111%( — 4sin2; —z5- Then: 1. Both operators are
essentially self-adjoint on C°°($3). 2. H has eigenvalues [(I+2) with degen-
eracy (I+1)2, reproducing the Laplace-Beltrami spectrum. The Peter—Weyl
decomposition of L?(SU(2)) identifies these as quadratic Casimir values. 3.
Spec(H) = {I(I+2) : I > 0} while Spec(H) D {n® : n > 1}, with constant
shift [(I14+2) — (I4+1)? = —1. 4. The ordering difference is a pure Layer-3 scalar
potential; no Layer-4 domain freedom appears. In left-invariant coordinates on
SU(2) = S3, Vup = —R/6 = —1 (constant, Remark D9.1j); the non-constant
geodesic-polar expression reflects coordinate dependence (Remark D9.1n).

Unlike the S? witness (Proposition D9.1h), where the spectral shift —(I+1) grows
linearly, the S® spectral shift is uniform (—1). In the general S¢ family, the full
half-density potential is Viip = —a2?+a(a—1)/sin? r+(sinr) "2 V55 (€), where
the angular V__HD of the sub-sphere contributes a position-dependent term for
all d > 2. The spectral shift is constant iff d = 3; this is an intrinsic statement
independent of the coordinate-dependent V_ HD. Since S? is the spatial section
of four-dimensional de Sitter spacetime, this gives a fourth independent D = 4
coincidence of the half-density framework: the compositionally forced ordering
on the de Sitter spatial section produces a spectrally uniform correction (constant
shift, no position-dependent distortion in the spectrum), only a vacuum energy
shift.

Remark D9.1j (Scope boundary for curved spectral witnesses).
Propositions D9.1h and D9.1i cover the maximally symmetric compact
spaces S2 and S3. On any compact Lie group with bi-invariant metric, Vip
is constant in left-invariant coordinates (the bi-invariance of the volume form
forces the half-density conjugation to commute with group translations);
S§3 = SU(2) is the unique case where this coincides with constant sectional
curvature. FExtension to non-homogeneous spaces or higher-dimensional spheres
with position-dependent Vyp remains open.

Proposition D9.1k (Non-compact ordering witness: unit \(H"2\)).
On the hyperbolic plane H? (constant curvature K = —1) with geodesic radial
coordinate p € [0,00) and metric ds? = dp? + sinh®p dp?, define on L?(dp do):

1 ~ _
Hp=-02———-03, H=|g|'*(-Ay)lg|™"* = Hy + Vi,
sinh“p
where Vup(p) = i — m. Then: 1. H has purely continuous spectrum

[1/4,00), matching the Laplace-Beltrami operator (McKean’s theorem). The
left-ordered Hj, has spectrum [0,00). 2. The spectral gap 1/4 equals —R/8
where R = —2 is the scalar curvature. The half-density ordering recovers this
gap; the left ordering erases it. 3. The ordering difference is a pure Layer-3
scalar potential, with Vagp — 1/4 as p — co.

Combined with the compact witnesses (Propositions D9.1h-D9.1i), this covers
positive and negative curvature, compact and non-compact topology, and discrete
and continuous spectra.
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Remark D9.11 (Unified constant-curvature formula). On S¢ (re-
spectively H?) of unit radius, the half-density potential takes the form
Vip = —a2 + a(a—1)/sin?r (resp. +a2 + a(a—1)/sinh? ) with o = (d—1)/2.
The constant part satisfies Vup(const) = —(d—1)R/(4d) where R is
the scalar curvature. This coupling is distinct from conformal coupling
& = (d—2)/(4(d—1)) for all integer d > 2. More generally, on any Riemannian
manifold, Vup(p) = —R(p)/6 at the center of Riemann normal coordinates
at p (since |g(0)| = 1 and [g(z)|~V/* = 1+ L Rija'2? + O(|z|?) in RNC). On
a compact Lie group with bi-invariant metric, bi-invariance forces Vyp to be
constant in left-invariant coordinates (Remark D9.1j), so Viap = —R/6 globally
in that chart. The two formulas agree (i.e., (d—1)/(4d) = 1/6) only for d = 3,
confirming that S® = SU(2) is the unique sphere where the radial V_HD is
constant in geodesic polars and matches the RNC value.

Remark D9.11' (Universal potential mirror). Although Vgp on a
d-dimensional spatial section is distinct from the d-dimensional conformal
coupling &.(d) = (d—2)/(4(d—1)), it equals the conformal coupling in one
higher dimension: &.one(D=d+1) = (D-2)/(4(D-1)) = (d—1)/(4d). Thus
Vip (d) + Veont(D=d+1) = 0 identically for all d. This universal mirror is the
algebraic reason why the half-density ordering potential on the spatial section
always mirrors the spacetime conformal coupling. The special role of d = 3
(D = 4) arises not from the potential mirror (which is universal) but from
two independent mechanisms: (i)~the algebraic identity (d—1)/(4d) = 1/6 at
d = 3 makes a; = R/6 — (R = 0, and (ii)~the conformal eigenvalues on S3
are perfect squares (I4+1)2, and the resulting Jacobi theta structure eliminates
all polynomial corrections in the heat trace asymptotic expansion, producing
the universal factor d(d—1)(d—3) in the Seeley-DeWitt coefficients and forcing
ar = 0 for k > 2. Together, the compositionally-forced conformal scalar on
S3 has ap = 0 for all k > 1, making the de~Sitter vacuum energy maximally
curvature-insensitive (Remark~D9.1q, re-scoped to conformal operator).

Remark D9.1m (Scope boundary for non-compact spectral witnesses).
The H? witness exploits maximal symmetry and radial decomposition. Extension
to non-homogeneous negative-curvature manifolds, variable-curvature spaces, or
Lorentzian signature remains open.

Remark D9.1n (Chart dependence vs intrinsic content). The pointwise
value of Vip(z) = —|g(z)|"/*A4(lg(z)|~*/*) depends on the coordinate chart
(e.g., on S? at the equator: —1/2 in spherical coordinates, —R/6 = —1/3 in
Riemann normal coordinates). However, the spectral comparison Spec(ﬁ ) #
Spec(Hp) is intrinsic: both operators are chart-independently defined, and their
spectra are coordinate-invariant. All witnesses in this appendix are stated as
spectral identities, hence chart-independent.

Remark D9.1o (Weyl vector formula on compact Lie groups). On acom-
pact semisimple Lie group G with bi-invariant metric g(X,Y) = —2Tr(XY)
(Gell-Mann/ON normalization), the half-density ordering potential Vip is con-
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stant (Remark D9.1j) with value
Vin (G) = —|pl3,

where p = $ 3 o+ @ is the Weyl vector and | - |4 is the metric-dual norm
on the Cartan subalgebra. Equivalently, via the Freudenthal-de Vries formula,
Vip = —dim(G) hY /24 in the Cartan-Killing normalization (Jaiong|® = 2).
Proof: By Remark D9.1j, Vyp is constant on G. Evaluating at the identity in
Riemann normal coordinates (|g(0)| = 1), the standard expansion |g|~*/* =
1+ L Ryatal + O(|z[®) gives Viip = —R/6 [DeWitt1957]. The Freudenthal-de
Vries identity R/6 = |p|? then yields the stated formula. Numerical cross-
check (finite-difference A,(|g|~!/*) in exponential coordinates): SU(2) : —1/4,
SU(3) : —1, SU(4) : —=5/2, all matching —|p|2 to 1077. The constant-curvature
formula —(d—1)R/(4d) of Remark D9.11 coincides with —|p|2 only for SU(2) = 5*
(constant sectional curvature); for higher-rank groups they diverge, with —| p\g
always smaller in magnitude. 4

Remark D9.1o' (Duflo isomorphism and half-density on Lie groups).
On a compact semisimple Lie group G with bi-invariant metric, the half-
density factor |g(x)|'/* in exponential coordinates equals the absolute value
of the Duflo factor: |g(z)|'/* = |det'/?(sinh(ad(z)/2)/(ad(x)/2))|. This
identification follows from tr(ad(z)) = 0 for semisimple g. The Duflo isomor-
phism j'/2: S(g)¢ — Z(U(g)) [Duflo1977] maps the quadratic Casimir to
—Ag + |p|?, which is the conformal operator —Ag + R/6 (via Freudenthal-de
Vries). The half-density conjugation of P4.2 thus coincides with the Duflo
correction to quantization on Lie groups, and the conformal operator is the
Duflo-corrected Laplacian. This explains the exponential Seeley—DeWitt
structure ax(—Ag) = (R/6)*/k! and the conformal heat-kernel flatness
ar(—A + R/6;G) = 0 for all k¥ > 1 on compact simple Lie groups: the Duflo
isomorphism trivializes the heat-kernel asymptotics of the correctly quantized
Laplacian. The identification is specific to Lie groups with bi-invariant metrics
(where the exponential map Jacobian has a clean Lie-algebraic form); on general
manifolds, the half-density |g\1/ 4 has no Duflo-type interpretation, but its role
as the compositionally-forced measure (P4.2) persists.

Remark D9.1o'' (Exponential Seeley--DeWitt structure on compact

Lie groups). On any compact simple Lie group G with bi-invariant metric, the
Seeley-DeWitt coefficients of the bare Laplacian satisfy ax(—Ag) = (R/6)*/k!
for all k& > 0. Proof sketch: The Peter—Weyl heat trace factorizes via the
Weyl character formula. Extending the sum from dominant weights to the full
weight lattice (using J(u) = 0 on Weyl chamber walls) and applying Poisson
summation, the leading term is a Gaussian integral of J(u)? exp(—t|u|?). Since
J(1)? = [Taso(p: @)? is homogeneous of degree d —r (where r = rank), this
integral equals t~%/2 times the Macdonald-Mehta constant — a single power
of t, with no polynomial corrections. Non-zero Fourier modes contribute
O(exp(—c/t)). Assembling: K(t,e,e) = (4mt)~4?exp(t|p|?) + O(exp(—c/t)),
giving ar = |p|?* /k! = (R/6)* /k!. Corollary: the conformal operator —Ag + R/6
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has ax = 0 for all kK > 1 on every compact simple Lie group. Among rank-1
symmetric spaces, CP? = SU(3)/U(2) also satisfies |p,,|> = R/6 (a dimension-
specific algebraic coincidence at n = 2) but fails conformal heat-kernel flatness
because its spectral multiplicities are odd-degree polynomials in the eigenvalue
label, so the Euler-Maclaurin boundary terms do not vanish; the exponential
Seeley—DeWitt structure is thus specific to Lie groups (where the multiplicity
function is an even polynomial).

Remark D9.1p (Isospectrality of the half-density Laplacian). The
half-density Laplacian Aj, = [g|'/4(—A,)|g|~*/* is unitarily equivalent to
—A, via the unitary map U : f — lg|*/4f from L?(M, dvol,) to L*(M,dx).
Therefore Spec(A;/2) = Spec(—A,) and all Seeley-DeWitt coefficients agree:
ap(Aijo; M) = ap(—Ay; M) for all k. In particular, ai(Ay)2) = R/6 # 0
generically. Caution: The decomposition A/, = —A, + Vigp omits first-order
drift terms W*9; arising from the conjugation. When the drift is absorbed into
a modified connection via the Vassilevich standard form —(g*/ ViV’ + E'), the
effective endomorphism is E' = 0 (not —R/6), giving a1 = R/6 + E' = R/6.
The naive formula a; = R/6 + Vigp = 0 is incorrect.

Remark D9.1q (Heat-kernel coefficients of the shifted operator on
\(S"3\)). The shifted operator O3 = —Ags + Vyp (without drift terms,
eigenvalues [([+2) — 1) is distinct from the conjugation A/, (eigenvalues
[(142)). On 83, where Viip = —1 is constant in left-invariant coordinates, the
heat trace of O3 satisfies tre t93 = et tre?®s, giving Seeley-DeWitt coefficients
ar(03) = 2%/kl. The Kluth-Litim generating function x,(3) = 6,0 yields
ar(O3) — X2, (];,)aj (O3)/k! = 0, consistent with the product formula. The
conformal scalar —Ags + R/6 = —Ags + 1 has eigenvalues (I4+1)? and is
heat-kernel flat: ai(—A + R/6;5%) = 0 for all k > 1. Among round spheres
S? (d > 2), this conformal heat-kernel flatness is unique to d = 3 (equivalently
D = 4), via the universal factor d(d—1)(d—3) in the Seeley-DeWitt coefficients;
it constitutes a fifth D = 4 coincidence of the half-density framework. (On
compact simple Lie groups with bi-invariant metric, conformal heat-kernel
flatness holds more broadly via the Killing form factorization |Riem|?> = |Ric|?;
the sphere-specific selection mechanism is the Jacobi theta eigenvalue structure.)

Derivation D9.1f (Domain-parameter witness: same symbol, inequivalent
self-adjoint realizations). Consider the formal 1D kinetic operator

h? d?
 2m da?
on C°(R\ {0}). It is symmetric but not self-adjoint; self-adjoint realizations
are fixed by boundary data at x = 0. A standard one-parameter family is the
delta-contact extension

Hform =

D(H,) = {y € B*®\ {0}) B (®) : ¢/ (0) — /(07) = Zu(0)},

with Hyy = ﬁformw for x # 0. Different g define inequivalent quantum theories
while sharing the same principal symbol p?/(2m): for g < 0 there is one bound
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state
mg2

2m2
whereas for g > 0 no bound state appears. So representation compatibility in
Package B requires explicit domain data in addition to ordering data.

Ep =

Remark D9.1g (Scope boundary for extension witness). This is a
witness-level extension family, not a full classification of all self-adjoint
extensions (e.g. full U(2)-parameter boundary conditions at a point).

Proposition P10.2a (Discretization-ordering equivalence class
statement). If two short-time kernel prescriptions map to @Qp-type and
Qw-type representatives of the same classical symbol algebra, then they define
the same classical equations and differ only by controlled O(%) corrections.
This is the worked version of the Section 6 to Section 7 transition claim
[Landsman1998].

10.3 Foundational Compatibility Principle

This appendix states a foundational compatibility principle aimed at the
manuscript’s core objective.

Principle P10.1 (Refinement Compatibility Principle, RCP). A dy-
namical framework is admissible when three compatibility conditions hold
simultaneously: 1. Partition compatibility: composition across temporal
subdivisions preserves the same action-based extremal equations in the
refinement limit. 2. Representation compatibility: alternative quantum
representations (ordering/discretization choices) agree in the classical limit
and differ only by controlled subleading corrections. 3. Scale compatibility:
observable predictions remain stable under composed coarse/fine scale changes
after parameter flow adjustment.

In compact form, for any prediction map O,

O=00C =000, =00Ry,

where C; is temporal composition/refinement, Qp, is representation change within
a fixed classical-limit class, and Rp is scale-refinement/renormalization flow.

Derivation D10.1a (Operational closure form: compatibility as

"there exists \(\theta'\)"). The schematic equalities above suppress
the crucial fact that each operation generally requires a parameter update
(coupling flow, normalization change, or a controlled representation change) to
land back in the same admissible family. Concretely, the operators C;, Qr, R
can be instantiated by indexed families: C; by a “compose b fine steps into
one coarse step” map Cpp, Qp by a family Q, of representation/ordering
changes at fixed h, and R by scale-compare/coarse-grain maps R, (with A
standing for whatever cutoff/subtraction convention parametrizes the family
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being compared). Here h is the ruler at which we compare predictions, b is
a refinement/coarse-graining factor, and « labels a choice of representation
within a fixed classical-limit class. An operational way to state RCP is to
write predictions as a family {O, 9} indexed by h > 0 and parameters 6, and
require that for each operation there exists an update map 7 such that the
post-operation object is again representable inside the same family:

Oh,e = Oh,rc(b,h;a) © Cb,h = Oh,TQ(a;O) © Qo/ = Oh,TR(b;Q) © Rb-

Written this way, compatibility is falsifiable: closure can fail when no admissible
0" exists. The manuscript’s strongest constructive witness is Proposition P4.2:
under hypotheses (C), (L), (I), (D), composition-compatible refinement of action-
based dynamics forces a structural constant £ with [k] = [action], and both x — 0
and k — oo limits fail—the former collapses composition to Hamilton—Jacobi
extremization with no distributional identity limit, the latter trivializes weights.
The simplest sub-case is the normalization exponent: semigroup closure fixes
A(t) o< t=%? (Derivation D4.1a); choosing any other power breaks closure.

Remark D10.1b (What belongs to \(\theta\): ordering data and
domain data). The parameter bundle € in Derivation D10.1a includes more
than couplings: it also contains representation data such as ordering choices and
admissible operator domains/boundary conditions. Derivation D9.1f gives
a concrete witness: the same principal symbol p?/(2m) admits inequivalent
self-adjoint realizations indexed by contact parameter g, with different spectra.
So the Qp-channel is not “ordering only”; closure may fail unless domain data is
transported as part of 6.

Derivation D10.1 (Bridge to sections 3--8). 1. Partition compat-
ibility (C:): Sections 3-4 (area-law refinement; action/Noether bridge). 2.
Representation compatibility (Qr): Sections 6-7 (ordering/discretization
choices with identical & — 0 limit). 3. Scale compatibility (R,): Section 8
(RG semigroup consistency).

Therefore the Newton-to-path-integral narrative is an implementation of RCP
rather than a sequence of disconnected formalisms.

Remark D10.1c (Crown witnesses for each RCP channel). Each compati-
bility channel now has a constructive witness beyond the structural bridge: (1)
Partition channel (C;): Proposition P4.2 proves & is necessary (not merely
convenient) for composition closure—the partition-compatibility update map
is forced and its absence is catastrophic. (2) Representation channel (Qp):
Derivation D9.1f shows domain data (self-adjoint extension parameter) must be
transported as part of €; inequivalent realizations share classical symbols but
have different spectra. (3) Scale channel (Rj,): Remark H6.3 demonstrates
that local contact-expansion data, combined with analyticity (Padé, dispersion,
Borel), reconstructs non-perturbative global structure—the control map 7 ac-
cesses poles, cuts, and instanton sectors from Taylor coefficients. The first two
witnesses make RCP constructive rather than axiomatic: they show not just
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that compatibility can be required, but that it determines specific structural
constants and domain data. The third witness (scale channel) is now partially
constructive at the heuristic level: the partition composition law (C), when
applied to models with Borel-summable perturbative sectors (2D delta model,
CP(1) sigma model), forces the positions of multi-instanton Borel singularities
{n¢,} to form an additive semigroup from the leading singularity ¢;, given
simple-pole Borel singularity type. The uniqueness is conditional—it determines
the semigroup structure of singularity positions given the leading instanton scale,
but not the leading scale itself (which requires the physical coupling gr(p)). The
Stokes constants (residues at n(,) are partially constrained: for rank-2 models
with two independent instanton types (actions A;, As), composition forces the
mixed-sector Stokes constants to satisty C, ., = CTy - Cf"y at leading order
(non-resonant scope — resonant bion sectors require additional non-perturbative
input). H6.3 remains a heuristic for unconditional reconstruction; the instanton-
lattice and Stokes-constant claims are stated as conditional propositions (D6.4b,
Lemma D6.6) below, under explicit Borel/instanton-type assumptions (Ecalle
1981 alien calculus applied to the RCP scale channel).

Proposition D6.4b (Instanton lattice rigidity, conditional).  As-
sume: (i) the partition composition law (C); (ii) a model with Borel-summable
perturbative sector and simple-pole Borel singularity type; (iii) a leading
instanton action (3. Then (C) forces the multi-instanton Borel singularity
positions to form the additive semigroup {n¢; : n > 1}, and under RG flow
(scale channel), the entire lattice runs rigidly: (,(u) = n¢1(p) (tautological from
chain rule; the non-trivial content is the semigroup structure). Scope: verified
in the 2D delta model (QM) and CP(1) sigma model (QFT). Attribution:
Ecalle (1981) alien calculus; the RCP-level derivation from (C) is this paper’s
contribution.

Lemma D6.6 (Stokes constant factorization, conditional). Under the
assumptions of D6.4b, for rank-2 models with two independent instanton types
(actions Aj, As), composition forces the mixed-sector Stokes constants to satisfy
Ch,m = CTo - Oy at leading order. Scope: non-resonant sectors only; resonant
bion sectors require additional non-perturbative input.

Heuristic H10.1 (Foundational reading). RCP can be interpreted as a
candidate foundational postulate: physical laws are those statements that survive
controlled changes of partition, representation, and scale.

10.4 Appendix Summary

Appendix sections 10.1-10.3 close three technical gaps identified in Section 9: 1.
explicit renormalization subtraction/running, now including a fixed-scheme one-
loop QFT witness (10.1), 2. explicit ordering/discretization O(h) shift with fixed
classical limit (10.2), 3. explicit foundational compatibility principle unifying
the full chain (10.3).

Appendix 10.5 supplies a fully worked quantum-mechanical RG computation (2D
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contact interaction) demonstrating divergence, subtraction, running coupling,
dimensional transmutation, and scheme dependence in a concrete model. Ap-
pendix 10.6 adds an explicit regulated-kernel composition witness with controlled
regulator removal and a concrete failure mode when admissibility assumptions
are violated.

These additions do not alter the thesis; they increase computational accountabil-
ity of the existing chain.

Remark D10.4a (Package-to-appendix map for fast navigation). For
reader navigation: 1. Package C/D (RG witness + truncation control):
Appendix 10.1 with D8.1, D8.2, D8.2a, P8.1, Section 8.6 D6.4, Remark
D6.4a, and Appendix 10.3 Proposition D6.4b, Lemma D6.6. 2. Package B
(ordering/domain/extension): Appendix 10.2 with D9.1, D9.1a, D9.1b,
D9.1d, D9.1e, D9.1f, Proposition D9.1h, Proposition D9.1i, Remark
D9.1j, Proposition D9.1k, Remark D9.11, Remark D9.11', Remark D9.1m,
Remark D9.1n, Remark D9.1lo, Remark D9.1p, Remark D9.1q. 3. Package A
(path-space/kernel closure ladder): Appendix 10.6 with D12.1, P12.1,
D12.2, P12.2, D12.3. 4. Package E (global compatibility map): Section
9.1 P7.1a plus Appendix 10.3 P10.1, D10.1a, D10.1b, Remark D10.1c.

10.5 Singular Contact Interaction as an Explicit RG Com-
putation (2D Delta)

Section 8 argues that RG is the scale-compatibility condition required when refine-
ment limits diverge. This appendix supplies a fully explicit example in a singular
quantum-mechanical model where the continuum theory is defined only after
a renormalization prescription is chosen. The derivations below (D11.1-D11.3)
are concrete instances of the abstract renormalization template (D8.1-D8.2, Ap-
pendix 10.1) applied to the 2D contact interaction: D11.1 evaluates the regulated
loop (cf. D8.1’s generic cutoff dependence), D11.2 defines the renormalized cou-
pling and derives the beta function (cf. D8.2’s running from cutoff-independence),
and D11.3 exhibits scheme dependence as coupling reparametrization (cf. P8.1’s
leading-coefficient universality). For a perturbative-QFT-style treatment of
this mechanism in quantum mechanics (including the 2D delta interaction), see
[ManuelTarrach1994PertRenQM]. For a standard discussion of delta-function
potentials in two and three dimensions (and their renormalization issues), see
[Jackiw1991DeltaPotentials].

Remark D11.0a (Explicit reparametrization bridge from D8 to D11).
For the scale-track arrow D8.1-D8.2 -> D11.2-D11.3, pass to inverse-coupling
coordinates u := 1/g, and compare D8’s generic denominator variable with
the contact-model denominator Dy (E) := T(E;A)~!. In these variables the
subtraction step is

)

A2 A2
uR(u)zuB—l—%:nthn(), In— =2In

A
G p? I
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making the D11 map the D8 template written in inverse-coupling coordinates;
finite analytic reparametrizations of ug (equivalently, local reparametrizations
of gr away from gr = 0) then match the scheme statement in P8.1.

Consider the two-dimensional contact interaction

h2
H=—-——A+g¢5%(z) onR%
2m

The interaction is Dirac-supported and the naive continuum limit is ill-defined:
loop integrals diverge logarithmically.

Derivation D11.1 (Cutoff evaluation of the contact loop). Let E >
0 and write E = h?k?/(2m). The Lippmann-Schwinger equation yields an
algebraic T-matrix

1

T(E:A) = gp(A)~t = I(E;A)’

where the loop integral is the free resolvent at the origin with a wavevector cutoff
lq| < A:

7 i () +in] +o ()
IE;A:/ 1 w2 sl o)
( ) lql<a (2m)? E—Zfl + 10 27h? k2 A2

Thus the regulated theory contains a logarithmic divergence ~ —57 In AZ.

Derivation D11.2 (Renormalized coupling and beta function). Define
a renormalized coupling at subtraction scale p by

! ! + mn ln<A2>
gr(p) — gp(A) 27k \p? )’
Substituting into T'(E; A) cancels the explicit cutoff dependence and gives a
finite amplitude:
1

1 m 2 - m ’
g T 2nh ln<2‘—2) T

T(E) =

Since p is arbitrary, physical predictions must satisfy d7'/dInp = 0. This yields
the RG equation

d( 1 \_ m _,dgr _ m o
Hdﬂ( )— 5(9R)—Mdu—7rh2gR.
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This is the explicit “scale-compatibility vector field” promised by Section 8§,
obtained from the demand that the subtraction scale not affect the composed
prediction. (For an alternative derivation via explicit Wilsonian shell integration
— making the semigroup composition W, ,a,0Wa_,a, = Wa_a, directly visible
as an identity of momentum-shell integrals — cf. Derivation RG-D1.2a in the
RG companion note.)

Proposition P11.1 (Dimensional transmutation: an RG-invariant
bound-state scale). For F < 0, write E = —h?k?/(2m). The bound state
corresponds to a pole of T', which occurs when

1 m 2
_ Inf — | =0.
gn(p) 272 n(/’»2> 0

Define

5 o <27Th2 1 )
Ki = p”exp .
m gr(u)
Using the RG equation for 1/gr(u), one checks dk./du = 0. Thus the renor-
malized delta interaction trades the regulator-dependent coupling for a physical
scale k. (equivalently a bound-state energy Ep = h?k2/(2m)).

Derivation D11.3 (Scheme dependence as rescaling of the transmutation
scale). The subtraction defining gr() is not unique: one may shift it by a
finite constant C' by defining

1 1 m

= + C.
0 ol R

Differentiation in In p removes the constant, so the beta function is unchanged.
However, the RG-invariant scale rescales:

ok 1
/{&Cm = ,uz exp (W T > =¢¢ Hz.
mogr’(n)

Thus, in this one-scale model, “scheme dependence” is precisely the freedom to
rescale the single physical scale. Fixing one physical datum (e.g. Eg) fixes k.
and removes the ambiguity from predictions.

10.6 Regulated-Kernel Composition Witness (Euclidean
Free Model)

Section 9.4 identifies the path-space formalism as an open vulnerability unless one
can exhibit a regulated family with exact composition and controlled regulator
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removal. The following Gaussian witness supplies that structure in a model
where all integrals are explicit. For explicit kernel formulas in this subsection
we use units m = h = 1; operator-norm bounds below are unchanged up to the
corresponding conventional rescalings.

Derivation D12.1 (Exact composition with additive regulator
update). For t > 0, € > 0, define

1
B;(w,%t):=(UQeXp{—

Ix—yF]
(2n(t+¢))

2(t+e¢)

Since K.(+,;t) = Ko(+,;t + €), Gaussian convolution gives, for ¢1,t3 > 0 and
€1,e2 > 0,

/d ddZ K‘Sl (‘TMZ;tl) K62 (Z7y;t2) = K61+E2 (xvy;tl + t2)'
R

Thus composition is exact inside the regulated family, with regulator flow law
Er> €1 + E2.

Proposition P12.1 (Controlled regulator removal and explicit
failure mode). For fixed ¢t > 0, K.(x,y;t) — Ko(x,y;t) pointwise and in
Ll as e — 01 (for ¢ < t/2, |K.(z,y;t)| < (2mt)~ 2 exp(—|z—y|?/(3t)) € LL;
dominated convergence gives L' convergence), so

lim dd'z K€1 (x7z;tl)K€2(Zay;t2) = Ko(l”ay;h + t2)7

.5‘1,82*)0+

recovering the standard heat-kernel semigroup. A concrete failure mode is
immediate: if ¢ + ¢ < 0, the Gaussian normalization is undefined /non-integrable,
and composition no longer closes in the admissible family. This gives a model-
level realization of the manuscript’s compatibility logic: closure requires explicit
admissibility conditions on the refinement-regulator pair.

Derivation D12.2 (First-order potential perturbation: composition
closure to \(O(V)\)). Let V : R — R be bounded, and define the first-order
(in V) regulated kernel by Duhamel expansion:

t
K st) = Keloit) = [ dr [t Koozst = 1) V) K(oir).
’ 0 Rd
Using Derivation D12.1 for the free part and retaining terms through O(V),
[tz Km0 KR is) = KR (st + ) +0072).

The first-order term combines by splitting [0, + s] into [0,¢] U [¢,¢ + s]: in the
second interval set 7 = ¢+ o, use free-kernel composition to collapse intermediate
integrations, and recover the same single-time-convolution structure at total
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time ¢ + s. Thus nontrivial potential data still fits the refinement-composition
narrative at controlled order.

Remark D12.2a (Failure mode for singular attractive potentials).
The O(V') formula requires the space-time convolution integral to be finite. For
distributional or too-singular attractive potentials (for example, bare contact

interactions in dimensions where renormalization is required), the integral can

diverge and K 5(1‘), is not well-defined without extra renormalization/boundary

data. This is precisely the regime where the explicit RG treatment of Appendix
10.5 becomes necessary.

Proposition P12.2 (Quantitative remainder and composition-defect
bounds for bounded \(V\)). Let Hy = —%A, To(t) = e tHo and
Ty (t) = e tHo+V) on [2(R4), with V a bounded multiplication operator
(Hy + V is self-adjoint on H?(R?) by Kato-Rellich) and M := ||V||o. Define
the first-order Duhamel approximation

TD () = Ty (1) — /0 Tot— 1)V T (r) dr
Then: 1. Remainder bound
1Ty (t) — T (1)) < Mt —1— Mt < %MQthMt.
2. Composition-defect bound (first-order approximation)
1T (T (5) = T (¢ 4+ 5)]| < C M (1 4 5)%eMH)

for a universal constant C' (e.g. C' = 1, which is sharp; see below).

Proof sketch: expand Ty by Duhamel to second order, bound iterated integrals
with semigroup norms ||To(7)|| < 1, [|Tv ()| < €M™, and use

T RTND ()TN (t45) = (TV ) =Ty (1)) T ()T () (T () =Ty (5)) + (T (t45) =T (t+s) ).

Thus Derivation D12.2 has explicit quantitative control in the bounded-
potential regime, not only formal O(V') bookkeeping.

Derivation D12.3 (Exact nontrivial semigroup witness: Euclidean
harmonic oscillator). For confining quadratic potential V(z) = iw?(z|?
with w > 0, the Euclidean kernel in R? is the Mehler form

Kol ;1) = (%I‘jh(wt))d/ exp [—M((W + [yl?) cosh(et) — 2x-y)} .

Gaussian integration in the intermediate variable gives, for t1,t5 > 0,

ddz Kw(zrz;tl)KW(zvy;tQ) = Kw(xvy;tl + t2)7
Rd
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using standard hyperbolic identities (notably sinh(a + b) = sinhacoshb +
coshasinhb and the induced identity for coth(a + b)). Thus we obtain an
all-order, nontrivial composition witness (beyond free and first-order pertur-
bative regimes). Defining K, -(z,y;t) := K, (x,y;t + ¢) with € > 0, the same
calculation yields additive regulator flow:

/ddz KW751 (JC, Z3 tl)Kw,Ez (Zv Y3 t2) = Kw761+€2 (I, Y; t1 + t2)'

Since K, c(z,y;t) = K, (x,y;t +¢) and K, (-,y;t) € LL for all ¢t > 0, the same
dominated convergence argument as in Proposition P12.1 gives K, . — K,
pointwise and in L} as e — 0%, completing the regulated-removal chain for the
nontrivial witness.

Remark D12.3a (Scope boundary for the exact benchmark). This exact
closure witness is specific to confining quadratic potentials (w > 0) in Euclidean
time. Inverted /nonconfining cases require separate treatment and are outside
the admissible class used here.

Remark D12.3b (Sanity limits: free limit and short-time localization).
Two immediate checks fix normalization and interpretation: 1. Free limit
w — 0: using sinh(wt) = wt + O((wt)?), cosh(wt) = 1 + O((wt)?),

T — 2
Ko (z,y:t) 'y') — Kole,y:t).

w=0 (2mt)d/2 exp(— 2t

2. Short-time limit ¢t — 0": K, (-,-;t) concentrates to § in distributions,
matching the semigroup initial condition. These checks ensure Derivation
D12.3 is consistent with both the free witness (D12.1) and the standard heat-
kernel normalization at short times.
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